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Abstract. Tliis is part of a research program to establish a unified field model 
for interactions in nature. One main objective of this article is to postulate a 
new principle of representation invariance (PRI) , and to refine the unified field 
model, derived using the principle of interaction dynamics (PID). Intuitively, 
PID takes the variation of the action functional under energy- momentum con- 
servation constraint, and PRI requires that all SU (N) gauge theories should be 
invariant under transformations of different rcprcscutatious of SU{N). With 
PRI, we arc able to substantially reduce the number of to-be-detcrmined pa- 
rameters in the unified field model to two SU (2) and SU (3) constant vectors 
{a™} and {a^}, containing 11 parameters, which represent the portions dis- 
tributed to the gauge potentials by the weak and strong charges g^, and g^. 
This unified field model can be naturally decoupled to study individual inter- 
actions. The second objective is to explore the duality of strong interaction 
based on the new field equations, derived by applying PID and PRI to a stan- 
dard QCD 5(7(3) gauge action functional. The new field equations establish 
a natural duality between strong gauge fields {S^}, representing the eight 
gluons, and eight bosonic scalar fields. One prediction of this duality is the 
existence of a Higgs type bosonic spin-0 particle with mass m > lOOGeV/c^. 
With the duality, we derive three levels of strong interaction potentials: the 
quark potential Sq, the nucleon/hadron potential Sn and the atom/molecule 
potential Sa- These potentials clearly demonstrates many features of strong 
interaction consistent with observations. In particular, these potentials offer a 
clear mechanisms for quark confinement, for asymptotic freedom, and for the 
van der Waals force. Also, in the nuclear level, the new potential is an im- 
provement of the Yukawa potential. As the distance between two nuclcons is 
increasing, the nuclear force corresponding to the nucleon potential Sn behaves 
as repelling, then attracting, then repelling again and diminishes, consistent 
with experimental observations. The third objective is to study the duality 
of weak interaction, and to derive the long overdue weak potential and force 
formula. The fourth objective is to try to address such questions as why our 
universe is as it is from the smallest elementary particles to stars, galaxies and 
the largest cosmos. We attempt to offer our view on this fundamental prob- 
lem by introducing energy levels for leptons and quarks as well as for hadrons, 
and by exploring both essential characteristics of four forces derived using the 
unified field theory. 
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1. Introduction 



There are four forces/interactions in nature: the electromagnetic force, the strong 
force, the weak force and the gravitational force. Classical theories describing 
these interactions include the Einstein general theory of relativity, the quantum 
electromagnetic dynamics (QED) for electromagnetism, the Weinberg-Salam elec- 
troweak theory unifying weak and electromagnetic interactions [3, 14, 13 , the quan- 
tum chromodynamics (QCD) for strong interaction, and the standard model, a 
U{1)(E)SU{2)^SU{3) gauge theory, unifying all known interactions except gravity; 
see among many others 

This article is part of a research program initiated recently by the authors to 
derive a unified field theory coupling natural interactions [IQl |T2] . There are several 
main objectives of this article. The first objective is to postulate a new principle of 
representation invariance (PRI) , and to refine the unified field model, derived using 
the principle of interaction dynamics (PID) fT^. The unified field equations, on 
the one hand, are used to study the coupling mechanism of interactions in nature, 
and on the other hand can be decoupled to study individual interactions, leading 
to both experimentally verified results and new predictions. The second objective 
is to establish a duality theory for strong interaction, and to derive three levels of 
strong interaction potentials: the quark potential Sg, the nucleon/hadron poten- 
tial Sn and the atom/molecule potential Sa- These potentials clearly demonstrates 
many features of strong interaction consistent with observations, and offer, in par- 
ticular, a clear mechanism for both quark confinement and asymptotic freedom. 
The third objective is to study the duality of weak interaction, and to derive such 
weak potential and force formula. The fourth objective is to offer our view on the 
structure and stability of matter, and to introduce the concept of energy levels for 
leptons and quarks, and for hadrons. 

Hereafter we address the main motivations and ingredients of the study. 

1. The original motivation is an attempt to developing gravitational field equations 
to provide a unified theory for dark energy and dark matter [TUj. The key point is 
that due to the presence of dark energy and dark matter, the energy-momentum 
tensor of visible matter, T^ , is no longer conserved. Namely, 



where V* is the contra-variant derivative. Since the Euler-Lagrangian of the scalar 
curvature part of the Einstein-Hilbert functional is conserved (Bianchi identity), it 
can only be balanced by the conserved part of Tij . Thanks to an orthogonal decom- 
position of tensor fields into conserved and gradient parts [10] , the new gravitational 
field equations are given then by 



(1.1) 
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where : Af — > M is a scalar function defined on the space-time manifold, whose 
energy density $ = g^^ViVjip is conserved with mean zero: 

(1.2) / ^y^dx = 0. 



Equivalently, (1.1 1 is the Euler-Lagrangian of the Einstein-Hilbert functional Leh 



with energy-momentum conservation constraints: 

(1.3) iSLEH,X) = for X = with V'Xij = 0. 

As we have discussed in |10| . the above gravitational field equations offer a uni- 
fied theory for dark energy and dark matter, agreeable with all the general fea- 
tures/observations for both dark matter and dark energy. 



2. The constraint Lagrangian action (1.3) leads us to postulate a general principle. 



which we call principle of interaction dynamics (PID), for deriving unified field 
equations coupling interactions in nature. Namely, for physical interactions with 
the Lagrangian action L{g^ A,ip), the field equations are the Euler-Lagrangian of 
L{g,A,tp) with div^-free constraint: 

(1.4) {SF{uo), X)^ I SF{uo) ■ X^J^dx = for X with div^X = 0. 

JM 

Here ^ is a set of vector fields representing gauge and mass potentials, "0 are the 



wave functions of particles, and div^ is defined by (2.1). It is clear that div^-free 



constraint is equivalent to energy-momentum conservation. 

3. We then derive in |12j the unified field equations coupling four interactions 
based on 1) the Einstein principle of general relativity (or Lorentz invariance) and 
the principle of equivalence, 2) the principle of gauge invariance, and 3) the PID. 
Naturally, the Lagrangian action functional is the combination of the Einstein- 
Hilbert action for gravity, the action of the t/(l) gauge field for electromagnetism, 
the standard SU{2) Yang-Mills gauge action for the weak interactions, and the 
standard SU{3) gauge action for the strong interactions. The unified model gives 
rise to a new mechanism for spontaneous gauge-symmetry breaking and for energy 
and mass generations with similar outcomes as the classical Higgs mechanism. One 
important outcome of the unified field equations is a natural duality between the 
interacting fields {g,A,W°',S''), corresponding to graviton, photon, intermediate 
vector bosons and Z and gluons, and the adjoint fields ($^, 0°, 0^, 0s), which 
are all bosonic fields. The interaction of the bosonic particle field and gravi- 
ton leads to a unified theory of dark matter and dark energy and explains the 
acceleration of expanding universe. 

4. It is classical that the electromagnetism is described by a C/(l) gauge field, the 
weak interactions are described by three SU (2) gauge fields, and the strong inter- 
actions are described by eight SU{3) gauge fields. In the same spirit as the Einstein 
principle of general relativity, physical laws should be independent of different rep- 
resentations of these Lie groups. Hence it is natural for us to postulate a general 
principle, which we call the principle of representation invariance (PRI): 

Principle of Representation Invariance (PRI). All SU{N) gauge theories are 
invariant under general linear group GL{C^ ^^) transformations for generators 
of different representations of SU{N). Namely, the actions of the gauge fields 
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are invariant and the corresponding gauge field equations are covariant under the 
transformations. 

5. The mathematical foundation of PRI is achieved by deriving a few mathematical 
results for representations of the Lie group SU{N). In particular, for the Lie group 
SU{N), generators of different representations transform under general linear group 
GL{C^ ^^). We show that the structural constants A^^ of the generators of different 
representations should transfer as (1, 2)-tensors. Consequently, we can construct 
an important (0, 2) S'J7(iV)-tensor: 

(1-5) Gab — -^Kd^ib^ 

which can be regarded as a Riemannian metric on the Lie group SU{N). 

Then for a set of SUiN) (N > 2) gauge fields with N'^ - 1 vector fields A"^ 
and N spinor fields , the following action functional is a unique functional which 



obeys the Lorentz invariance, the gauge invarianc e of t he transformation (3.131, 



and is invariant under GL(C^ ^) transformations (3.161 for generators of different 
representations of SU{N): 

(1-6) Lg^ J {Gab9'"'g-'^F^^F^p + ^ [i^id^ + ^ff^^^rj - m] dx. 

Here 

F^^ = d,Al-d^A-+gX^''^AlA:. 

6. It is very interesting that the unified field equations derived in [T^] obey the 
PRI. In fact, with PRI, we are able to substantially reduce the to-be-determined 
parameters in our unified model to two SU(2) and 5[/(3) constant vectors 

{"u I = ("i , ^2 , ), {afcl = (ai, • • • , ag), 



containing 11 parameters as given in (4.31), representing the portions distributed 



to the gauge potentials by the weak and strong charges. Hence they are physically 
needed. 

It appears that any field model with the classical Higgs scalar fields added to 
the action functional violates PRI, and hence can only be considered as an ap- 
proximation for describing the related interactions. In fact, as far as we know, the 
unified field model introduced in [12 and refined in this article is the only model 
which obeys PRI. The main reason is that our model is derived from first principles, 
and the spontaneous gauge-symmetry breaking as well as the mechanism of mass 
generation and energy creation are natural outcomes of the constraint Lagrangian 
action (PID). 

7. In the unified model, the coupling is achieved through PID in a transparent 
fashion, and consequently it can be easily decoupled. In other words, both PID 
and PRI can be applied directly to single interactions. For gravity, for example, 
we have derived modified Einstein equations, leading to a unified theory for dark 
matter and dark energy [TU]. 

8. New gauge field equations for strong interaction, decoupled from the unified 
model, are derived by applying PID to the standard SU (3) gauge action functional 
in QCD. The new model leads to consistent results as the classical QCD, and, more 
importantly, to a number of new results and predictions. In particular, this model 
gives rise to a natural duality between the SU{3) gauge fields {k — 1, • • • ,8), 
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representing the gluons, and the adjoint scalar fields {(j)^}, representing Higgs type 
of bosonic spin-0 particles. 

9. One prediction from the duality from strong interaction is the existence of a 
Higgs type bosonic spin-0 particle with mass m > lOOGeV/c^. It is hoped that 
careful examination of the LHC data may verify the existence of this Higgs type of 
particle due to strong interaction. 

10. For the first time, we derive three levels of strong interaction potentials: the 
quark potential Sq, the nucleon potential S'„ and the atom/molecule potential Sa- 
They are given as follows: 



(1.7) 



(1.8) 



(1.9) 



Sq = 9s 



Sa 



Pi 



Po 



-k 



e 

Pi 



9s 



kir 



(p{r) 



Bnki 

( 

P2 



-kir 



where (p{r) ^ r/2, gg is the strong charge, B,Bn are constants, fcp = mc/h, ki — 
rriT^c/h, m is mass of the above mentioned strong interaction Higgs particle, TOtt is 
the mass of the Yukawa meson, po is the effective quark radius, pi is the radius of a 
nucleon, p2 is the radius of an atom/molecule, and N is the number of nucleons in 
an atom/molecule. These potentials match very well with experimental data, and 
offer a number of physical conclusions. Hereafter we shall explore a few important 
implications of these potentials. 

11. With these strong interaction potentials, the binding energy of quarks can be 
estimated as 

4 



(1.10) 



En 



where is the binding energy of nucleons. Consequently, if the quark radius is 
considered as po 10~^^cm, then the Planck energy level 10^^ GeV is required 
to break a quark free. Hence these potential formulas offer a clear mechanism for 
quark confinement. 



12. With the quark potential, there is a radius f, as shown in Figure |6.1[ such 
that two quarks closer than f are repelling, and for r near f, the strong interaction 
diminishes. Hence this clearly explains asymptotic freedom. 

13. In the nucleon level, the new potential is an improvement of the Yukawa 
potential. The corresponding Yukawa force is always attractive. However, as the 
distance between two nucleons is increasing, the nucleon force corresponding to the 
nucleon potential Sn behaves as repelling, then attracting, then repelling again and 
diminishes. This is exactly the picture that the observation tells us. In addition, 
these potentials give rise an estimate on the ratio between the gravitational and the 
strong interaction forces. This estimate indicates that near the radius of an atom, 
the strong repelling force is stronger than the gravitational force, and beyond the 
molecule radius, the strong repelling force is smaller than the gravitational force. 
We believe that it is this competition between the gravitational and the strong 
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forces in the level of atoms/molecules gives rise to the mechanism of the van der 
Waals force. 



14. The factor (^^^ (p^) (1-91 indicates the strong interaction is of short- 
range, in agreement with observations. In particular, beyond molecular level, strong 
interaction diminishes. In addition, the derivation of these potentials clearly sug- 
gests that exchanging gluons leads to repelling force, and exchanging 7r-mesons 
(Higgs) leads to attracting force. 

15. The new field equations for weak interaction, decoupled from the unified field 
model, provide a natural duality between weak gauge fields {VF^}, representing 
the and Z intermediate vector bosons, and three bosonic scalar fields 0°. A 
possible duality is the degenerate case where the three scalar fields (j)"" are a constant 
vector times a single scalar field 0, and the duality reduces to the duality between 
{W^} and one neutral Higgs boson field (/). 

16. One key point of the study is that the field equations must satisfy PRI, which 
induces an important SU{2) constant vector {a^}. The components of this vector 
represent the portions distributed to the gauge potentials by the weak charge 
gw Consequently, in the same spirit as electromagnetism, the time-components 
Wq of the gauge potentials represent the weak-charge potentials, and the total 
force exerted on a particle with N weak charges Ng^ is 

(1.11) FwE = -Ng^a:;;VWS. 

It is the weak charge distribution vector a™ , due to PRI, that allows us to formulate 
the total weak potential/force as a field exerted on a particle. It is clear that Fwe 
is a representation invariant scalar, obeying PRI. This clearly overcomes one of the 
main difficulties encountered in classical theories. 

In the same token, the spatial components W"' — {Wi,W2,W^) represent the 
weak-rotation potentials, yielding the following total weak-rotation force 

(1.12) FwM ^ gwe°''"'a'^J^ X cmW^ 

where { J^} = { , J|, J|} is the weak charge current density, and e"-'"^ is the struc- 
tural constants using the Pauli matrices as generators for SU{2). Also, Fwm is a 
representation invariant scalar, obeying PRI. 

17. With the above physical meaning of the gauge potentials and the associated 
forces, for the first time, we derive the weak potential and weak force formula given 

by 



(1.13) 



W = g^e-^' 



F = gle-^^"^ 



r 

- + 4 - (^1^ - ^y^^"" 



where K\ = ko + ki, ko = mnc/h, ki = mwc/h, uih and mw are the masses of the 
Higgs and W bosons, and ip{r) = il>i(r) + V'2(?') In'' with ipi{r) being polynomials; 



see (9.46 1. This force formula is consistent with observations: there is a radius 
tq > such that F is repelling for r < rg, and attractive for vq < r < ri. In 
addition, is a short-range force. Namely, F diminishes for r > lO^^^cm. 
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18. With the duaUty, our analysis shows that the charged gauge bosons do 
not appear simuhaneously with the neutral boson Z in one physical situation. The 
same non-existence holds true for the neutral and charged Higgs particles as well. 

19. The new duality model for weak interaction not only produces consistent 
physical conclusions as the classical GWS electroweak theory, but also leads to 
new insights and predictions for weak interaction. Here are a few similarities and 
distinctions between these two models: 

• Both theories produces the right intermediate vector bosons and Z, 
the neutral Higgs, the neutral current, and the scaling relation, consistent 
with experimental observations. 

• The GWS model mixes transformations of different representations of U (1) 
and SU{2), and utilizes both the electromagnetic gauge potential and the 
weak gauge potentials to define the intermediate vector bosons. This gauge 
mixing causes the decoupling of the model to electromagnetic and weak 
components difficult, if not impossible. This mixing also violates PRI. The 
duality model used in this paper can be easily decoupled to study individual 
interactions involved, and satisfies PRI. 

• In the GWS model, the Higgs mechanism of mass generation and energy 
creation is achieved by introducing the Higgs sector with a Higgs scalar 
field in the Lagrangian action functional. The mass generation and energy 
creation mechanism is achieved in a completely different and much sim- 
pler fashion in the duality model by using energy-momentum conservation 
constraint variation (PID) to the standard SU{2) gauge functional. 

• Due partially to mixing the gauge fields for electromagnetic and weak inter- 
actions, it is difficult to use the classical theory to derive any force/potential 
formulas for weak interaction. However, as mentioned earlier, the new du- 
ality model leads naturally to a long overdue force formula for weak inter- 
action. 

20. With both weak and strong charge potentials at our disposal, for the first time, 
we are able to introduce energy levels of leptons and quarks using W^^ and energy 
levels for hadrons using S^. Then the standard conversion of the Dirac equation 
for a matter field leads to the following formulation of energy levels 

(1.14) -V^<^'^ + ^Wo(x)^'^ ^ X^'^'^ for a lepton or a quark, 

he 



he 

We conclude then that each lepton or quark is represented by an eigenstate of 



(1.15) + ^Soix)^" ^ \"<^" forahadron. 

he 



(1.14) with corresponding eigenvalue being its binding energy, and the eigenstate 



of (1.14) with the lowest energy level represents the electron. Also, each hadron is 



represented by an eigenstate of (1.15) with the corresponding eigenvalue being its 



binding energy, and the eigenstate of (1.15) with the lowest energy level represents 
the proton. 

21. A common feature of these force/charge potentials is that all four forces can 
be either repelling or attracting with different spatial scalesj^ This is the essence 
of the stability of matter in the universe from the smallest elementary particles to 
largest galaxies in the universe. 



^Attracting and repelling of electromagnetic force is achieved via the sign of the electric charge. 
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The paper is organized as follows. Section 2 recapitulates PID and its motiva- 
tions. Section 3 introduces PRI, and the unified field models are refined in Section 
4. Section 5 addresses the duality theory for different interactions. Sections 6 and 7 
derive the strong interaction potentials and their implications. Section 8 addresses 
various features of the duality model for weak interaction. Section 9 derives the 
weak potential and force formulas, and Section 10 is devoted to the comparison be- 
tween the classical GWS and the new electroweak theory. Section 11 recapitulates 
the weak and strong potentials, and Section 12 introduces energy levels of elemen- 
tary particles. Section 13 offers our view on structure and stability of matter. Brief 
conclusions are given in Section 14. 

This paper combines an early version of this article with |8l IH [11] . 

2. Motivations for Principle of Interaction Dynamics (PID) 

2.1. Recapitulation of PID. We first recall the principle of interaction dynamics 
(PID) proposed in [12 . Let (M, g^) be the 4-dimensional space-time Riemannian 
manifold with {gij} the Minkowski type Riemannian metric. For an (r, s)-tensor u 
we define the j4-gradient and ^-divergence operators V a and div^i as 

VAU = 'Vu + u(g) A, 

(2-1) 

div^u = divM — A ■ u, 

where A is a vector or co- vector field, V and div are the usual gradient and divergent 
covariant differential operators. 

Let F — F{u) be a functional of a tensor field u. A tensor uq is called an 
extremum point of F with the divyi-free constraint, if 

(2.2) + AX) = / (5F(mo) • Xy/^dx = Vdiv^X = 0. 
a A A=o Jm 

We now state PID, first introduced by the authors in |12) . 

Principle of Interaction Dynamics (PID). For all physical interactions there 
are Lagrangian actions 

(2.3) L{g,A,4>)= [ C{g,j,A,^)^dx, 

JM 

where g = {gij} is the Riemann metric representing the gravitational potential, A 
is a set of vector fields representing gauge and mass potentials, and ^ are the wave 



functions of particles. The action [2.3) satisfy the invariance of general relativ- 



ity (or Lorentz invariance), the gauge invariance, and PID. Moreover, the states 



{g,A,'ip) are the extremum points of [2.3) with the div^-/ree constraint (2.2) 



The following theorem is crucial for applications of PID. 

Theorem 2.1 (Ma and Wang [lOl Let F ^ F{g,j,A) be a functional of 

Riemannian metric {gij} and vector fields A^ , ■ ■ ■ , A^ . For the div A-free constraint 
variations of F, we have the following assertions: 

(1) There is a vector field <I> G H^{TM) such that the extremum points {gij} 
of F with the div A-free constraint satisfy the equations 



N \ 

fc=i / 



10 



MA AND WANG 



where (1 < A; < N) are parameters, Vi$j = 9^$^ — are the 

N 

covariant derivatives, and div^X = divX — ^ ctfc^'^ • X . 

k=l 

(2) // the first Betti number of M is zero, and Q {I < k < N) in \24\, 



then there exists a scalar field </? such that $ — Vip, i.e. equations {2.4) 
become 

(2.5) J;rF(9^J) - -v.v,^. 

(3) For each A'^ , there is a scalar function ip"" £ H^{M) such that the extremum 
points of F with the divy!i-/ree constraint satisfy the equations 

(2.6) -^F{A'^) = {V,+PtAl)v'' 

where f3^ are parameters, divyiX" = divX" — /S^A'^^X^ for the a-th vector 
field X''. 

Based on PID and Theorem |2.1[ the field equations with respect to the action 



(2.3) are given in the form 



(2.7) — L(5,A>) = (V^ + a64)$,, 

(2.8) ^L(g,AV')-(V^ + /3,°4)<^^ 

(2.9) ^L(g,A»=0, 

where Aj; = {A^, A'l, A^, A^) (1 < A: < TV, TV = 12) are the gauge vector fields 
for the electromagnetic, weak, and strong interactions, — (<I>o, $2, ^3) is a 
vector field induced by gravitational interaction, ip"- are scalar fields generated from 
the gauge field A", and ai,,Pb ^ b < N) are coupling parameters. 



Consider the action (2.3) as the natural combination of the four actions 
^ — Che + Cqed + + Cqcd, 

where Che is the Einstein-Hilbert action, Cqed is the QED gauge action, Cw is the 
SU{2) gauge actions for weak interactions, and Cqcd is the action for the quantum 



chromodynamics. Then (2.7)-(2.9) provide the unified field equations coupling all 



interactions. Moreover, we see from (2.7)-(2.9) that there are too many coupling 



parameters need to be determined. Fortunately, this problem can be satisfactorily 
resolved, leading also the discovery of PRI. 

In the remaining parts of this sections, we shall give some evidences and moti- 
vations for PID. 

2.2. Dark matter and dark energy. The presence of dark matter and dark 
energy provides a strong support for PID. In this case, the energy-momentum 
tensor Tij of normal matter is no longer conserved: 

Then as mentioned in the Introduction and in \12\ , the gravitational field equations 



(1.1) are uniquely determined by constraint Lagrangian variation, i.e. by PID. Also, 
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by (1.2), the added term ViVjip has no variational structure. I other words, the 
term $ — g'^^V tV ji^ cannot be added into the Einstcin-Hilbert functional. 

2.3. Higgs mechanism and mass generation. Higgs mechanism is another 
main motivation to postulate PID in our program for a unified field theory. In 
the Glashow-Weinberg-Salam (GWS) electroweak theory, the three force interme- 
diate vector bosons , Z for weak interaction retain their masses by spontaneous 
gauge-symmetry breaking, which is called the Higgs mechanism. We now show 
that the masses of the intermediate vector bosons can be also attained by PID. In 
fact, we shall further show in Section 4 that all conclusions of the GWS electroweak 
theory confirmed by experiments can be derived by the electroweak theory based 
on PID. 

For convenience, we first introduce some related basic knowledge on quantum 
physics. In quantum field theory, a field ip is called a fcrmion with mass m, if it 
satisfies the Dirac equation 

(2.10) (i7^a^ - m)V' = 0, 



where 7'^ are the Dirac matrices. The action of (2.101 is 

(2.11) Lf = J Cpdx, Cf = 4)(iYd^i-m)^. 

A field $ is called a boson with mass m, if $ satisfies the Klein-Gordon equation 

(2.12) □$+ (!^)'$^o($), 

where o(<I') is the higher order terms of $, and □ is the wave operator given by 

The bosonic field <J? is massless if it satisfies 

(2.13) □$ = o($). 

The physical significances of the fermion and bosonic fields ip and $ are as 
follows: 

(1) Macro-scale: represent field energy. 

(2) Micro-sale (i.e. Quantization): represents a spin-^ fermion (particle), 
and $ represents a bosonic particle with an integer spin fc if $ is a fc-tensor 
field. 

In particular, in the classical Yang-Mills theory, a gauge field {A^} — (Aq, Ai,A2,A^) 
satisfies the following field equations: 

(2.14) d^F^, - o{A), F^, = d^A, - d,,A^ 
which are the Euler-Lagrange of the Yang-Mills action 



(2.15) Lym^ J {F^^F''-' + Cf + oiA)) 

where Cp is as in (2.11), and 

d'^F^, = DA, - d.id^'A^) 

Thus, for a fixed gauge 

(2.16) divv4 = 9'' = constant, 



dx 
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the gauge field equations (2.14) are reduced to the bosonic field equations (2.13). 
In other words, the gauge field A satisfying (2.14) is a spin-1 massless boson, as A 
is a vector field. 

We are now in position to introduce the Higgs mechanism. Physical experiments 
show that weak interacting fields should be gauge fields with masses. However, as 
mentioned in (2.14), the gauge fields satisfying Yang-Mills theory are massless In 
this situation, the six physicists, Higgs [5 , Englert and Brout 2J, Guralnik, Hagen 
and Kibble [1], suggested to add a scalar field (p into the Yang-Mills functional 
(2.15) to create masses. 

For clearly revealing the essence of the Higgs mechanism, we only take one gauge 
field (there are four gauge fields in the GWS theory). In this case, the Yang-Mills 
action density is in the form 



1 



(2.17) Cym = --g^'^g'^id^A, - d,A^)id^Ap - dfM + ^jii^D^ - m)^,, 
where g^'^ is the Minkowski metric, 

(2.18) D,,iP^id^, + igA,,)^P, 

and g is a constant. It is clear that ( |2.17[ )-( 2.18[ ) are invariant under the following 
U{1) gauge transformation 



(2.19) 



A^^A^- -d^6. 



1 

— ( 
9 



The Euler-Lagrange equations of (2.17) are 
(2.20) 



nAf,-df,{dwA)~gJ^ 
{ij^D^ - m)V = 0, 



0, 



which are invariant under the gauge transformation (2.19). In (2.20) the bosonic 
particle is massless. 

Now, we add a Higgs action £h into (2.17): 

(2.21) 



{D^4>)^ = {d^-igA^)(t>\ 

where p ^ is a constant. Obviously, the following action and its variational 
equations 



(2.22) 



(2.23) 



L = J {Cym + CH)dx, 

{i-ff^Df, - m)V' = 0, 
= (I?^)ti?^</)+(0t0_< 



6L 
SAf' 
dL 

SL 



= 0, 
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are invariant under the gauge transforation 



(2.24) 



The equations ( |2.22 1 arc still massless. However, we note that {0,0, p) is a solu- 
tion of (2.23), which is a ground state, i.e. a vaccum state. Consider a translation 
for $ = (A, ip, (/)) at $0 = (0, 0, p) as 

(2.25) $ = $ + $0, i = (I,V^,0), 



then the equations (|2.23|) become 
(2.26) 



{i^^'D^ - m)^ = 0, 
{Dn^D,{^+p) + ((0 + p)t(0,) - p2)(0 „ p) = 0, 



where 



J^(</)) = 0(Z?^(/.)t-c/.ti5^0. 



We see that A^^ obtains its mass m 



Ijp in (2.26 (.Equations (2.261 break 



the invariance for the gauge transformation (2.24), and masses are created by the 
spontaneous gauge-symmetry breaking, called the Higgs mechanism, and (f) is the 
Higgs boson. 

In the following, we show that PID provides a new mechanism of creating masses, 
very different from the Higgs mechanism. 

In view of the equations (2.8)-(2.9) based on PID, the variational equations of 
the Yang-Mills action (2.17) with the div^-free constraint are in the form 

2 



(2.27) 



^- + 4(irJ 



— XA^ 



(i7^i?^-TO/)i/; = 0, 



where </> is a scalar field, j (^) is the mass potential of the scalar field 
and F^f^ — d^A^, ~ df^A^. If (p has a nonzero ground state 0o = P^ then for the 
translation 

(j} = 4>^p, A^^^Af,, ?/> = V', 

1 / nic \ 2 



the first equation of (2.27) becomes 

2 _ 



(2.28) 



An ~ 9 J a = 



h ) 



~ XA^ 



where (^^) ~ Ap. Thus the mass toq = f is created in (2.28) as the Yang- 
Mills action takes the div^— free constraint variation. When we take divergence on 
both sides of (2.28), and by 

^^^''F,^. = 0, d^J^ = 0, 
we derive that the field equation of are given by 



(2.29) 
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The equation (2.291 corresponds to the Higgs field equation, the third equation in 
(2.261, with a fixed gauge 

and the value ttiq is the mass of the bosonic particle (j). Here we remark that the 
essence of the Higgs mechanism is to add an action ad hoc. However, for the field 
model with PID, the mass is generated naturally. 

2.4. Ginzburg-Landau superconductivity. Superconductivity studies the be- 
haviors of the Bose-Einstein condensation and electromagnetic interactions. The 
Ginzburg-Landau theory provides a support for PID. 

The Ginzburg-Landau free energy for superconductivity is given by 



(2.30) 



G = 



1 

2m: 



1 

8^ 



|curU|^ 



dx, 



where A is the electromagnetic potential, "0 is the wave function of superconducting 
electrons, fl is the superconductor, and nis are the charge and mass of a Cooper 
pair. 

The superconducting current equations determined by the Ginzburg-Landau free 
energy ( |2.30 l arc: 

(2.31) '^=0, 



6A 



which implies that 
c 



he.. 



he 

A-i — {%l;*Vjp-i}Vi!*). 



(2.32) — curl^A = — 

47r nisC 

Let 

2 

J=^cm\^A, Js^- — 

47r nisC ' TTLs 

Physically, J is the total current in Q, and Js is the superconducting current. Since 
ri is a medium conductor, J contains two types of currents 

J ^ Js + ctE, 

where aE is the current generated by electric field E, 

IdA 
c at 

$ is the electric potential. Therefore, the supper-conducting current equations 
should be taken as 

|2 



(2.33) 



1 



-curM 



M'VA- 



ihe^ 



AtT C rUsC^ ' ' TTlsC 

Comparing with (2.31) and (2.32), we find hat the equations ( |2.33| ) are in the 
form 

5G 

Ja 

In addition, for conductivity the fixing gauge is 

divA = 0, A- n\on = 0, 



(2.34) 



tj 

-V$. 

c 
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which imphes that 



V$ • Adx = 0. 



energy (2.301 



Hence the term — -V$ in (2.34) can not be added into the Ginzburg-Landau free 



However, the equations (2.34) are just the div-free constraint variational equa- 
tions: 

'SG \ d 



= V divS = 0. 



A=0 



Thus, we see PID is vahd for the Ginzberg-Landau superconductivity theory. 

3. Principle of Representation Invariance (PRI) 

3.1. Yang-Mills gauge fields. In this section, we present a new symmetry for 
gauge field theory, called the (gauge group) representation invariance. To this end 
we first recall briefly the Yang-Mills gauge field theory. 

The simplest gauge field is a vector field and a Dirac spinor field ip (also 
called fermion field): 

Af, = {Ao,Ai,A2,A3)'^ and V = (V'l, "02, "03, V'4)'^, 



such that the action (2.17) with (2.181 is invariant under the U{1) gauge trans- 



formation (2.19). The electromagnetic interaction is described by a U{1) gauge 
field. 

In the general case, a set of SU{N) {N > 2) gauge fields consists of K — — 1 
vector fields and N spinor fields 



(3.1) 



^ = 



■0- 



N 



which have to satisfy the SU{N) gauge invariance defined as follows. 

First, the N spinor fields 'i' in (3.1) describe N fermions, satisfying the Dirac 
equations 

(3.2) 17'' - "1* = 0, 

where the mass matrix m and the derivative operators are defined by 
/ mi ■ ■ ■ 



(3.3) 



D^^d^+igAlT% 



Vo 



ruN, 



where {1 < a < k) are vector fields given by (3.1 ), and r° are K = N'^ — 1 given 
complex matrices as 



-IN 



-NN/ 



yi< a < K = - I. 



which satisfies 
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where [t°,t''] — t°-t^ — r^r", and A"^'^ are the structural constants of SU{N). 

The reason that I?^ in (3.2) take the form (3.3|-(3.4| is that certain physical 
properties of the N fermions ip'-, ■ ■ ■ , V'^ are not distinguishable under the SU{N) 
transformations: 

(3.5) ^{x) = U{x)-i'{x), U{x) e SU{N) e Af, 

where M is the Minkowski space-time manifold. Consequently, it requires that the 
Dirac equations (3.2 1 are covariant under the SU{N) transformation (3.5). 
On the other hand, each element U G SU (N) can be expressed as 

where t° is as in (3.4), and 6*° (1 < a < N'^ ~ 1) are real parameters. Therefore 



(3.5) can be written as 
(3.6) 



The covariance of (|3.2|) implies that 
(3.7) 

Namely, 



D^^S/ = Uix)D^^, U{x) 



from which we obtain the transformation rule for A°; and the mass matrix m defined 



by (3.3), ensuring the covariance (3.7): 



(3.8) 



m ^ U mil 



-1 



Thus under the SU{N) gauge transformation (3.8), equations (3.2) are covariant. 
Now we need to find the equations for A° obeying the covariance under the gauge 
transformation (3.6) and (3.8). Since I?^ in (3.3) satisfy (3.7) and by (3.4), the 
commutator 

'-[D^, D^] ^'-{d^ + igAlT^){d, + igAlT^) -'-(9. + ^gA:r^){d, + igA^T^) 
^d^A-^T- - d.A'^^T- - igiA^T^^, A^T-] 
At - d.Al 

has the covariance: 



=id^A:-d,Al+gr'^AlAiy^ 



[D^,D,] = U[D^,D,]Ul ([/t = t/-i). 

Hence defining 

F^. = {d^At - d.Al + .gA'^^=4A^)r^ 
we derive the invariance 



Tr(F^^i^'^'') = Ty{UF^^U-^UF^'''U-^) = Tr(F^^F^'') ^ 



where 
(3.9) 



F^^^d^Al^d^A^+gX^^^A^Al 
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Thus the functional of the gauge field A 
(3.f0) 



is invariant, and the Euler-Lagrange equations of (|3.f0|) are covariant under the 
gauge transformation (3.' 



3.2. SU{N) tensors. We now know that the SU{N) gauge fields have K = N'^-l 
vector fields A" (1 < a < K) and N fermion wave functions ^: 



(3.11) 

such that the action 
(3.12) 



ACL 



/ 4 




i = y {Cg + CF)dx, 



is invariant under the gauge transformation ( |3.6[ ) and (3.8), which can be equiva- 
lently rewritten for infinitesimal O"' as 



(3.13) 



* = e' 



Aa _ Aa 



where t° is as in (3.4), Cg,^f are the gauge and fermion action densities given by 



(3.14) 



where Fl^^ is as in (3.9), g^'' is the Minkowski metric, m and are as in (3.2) and 
(3.3), and 



7 



/ 

-/ 



For the above gauge field theory, a very important problem is that there are 
infinite number of families of generators 

{t°- \ 1 <a < K = N'^ - 1) 

of SU{N), and each family of generators {t°} corresponds to a group of gauge 
fields {A°}: 

(3.15) {T"|l<a<X} i — > {A1,l<a<K}. 

Intuitively, any gauge theory should be independent of the choice of {t"^}- However, 
the Yang-Mills functional (3.12) violates this principle, i.e. the form of (3.12) will 
change under the gauge transformation 

Aa , a Ab 

where (x^) is a, K x K nondegenerate complex matrix. 

To solve this problem, we need to establish a new gauge invariance theory. Hence 
we introduce the SU{N) tensors. 
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In mathematics, SU{N) is an iV^ — 1 dimensional manifold, and the tangent 
space of SU{N) at the unit element e = / is characterized as 

TeSU{N) ^ {iT e Af(C^) I T = T^, 

where M(C^) is the linear space of all x complex matrices, and TeSU{N) 



is an — 1-dimensional real linear space. Hence, each generator {r^, ■ 



}of 



SU (N) can be regarded as a basis of T^SU {N). For consistency with the notations 
of tensors, we denote 

Ta^{Tl,--- ,Tk}C1T,SU{N) 

as a basis of T^SU{N). Take a basis transformation 



(3.16) 



Ta = X^Tb (or T = Xt), 



where X = {x\) is a nondegenerate compl ex ma trix, and denote the inverse of X 
by X~^ = {x\). Under the transformation (3.16), the coordinate 6*" = (6*^, • • • , 9^) 



corresponding to the basis Ta and the gauge field A° as (3.15) will transform as 
follows 



(3.17) 

In addition, we note that 



[Ta,^] 



Aa _ ~a Ab 



where A^^ are the structural constants. By (3.161 we have 



[Ta:n] = iXabTc = iKb^c'^d, 



\Ta,n\ 



It follows that 
(3.18) 



^ab — XaXb^d^fg- 



From (|3.17|) and (|3.18|) we see that 0°, AJJ transform in the form of vector fields. 



and the structural constants A^^ transform as (l,2)-tensors. Thus, the quantities 
6'°,A°, and A^^ are called S'L/(A^)-tensors, which are crucial for introducing an 
invariance theory for the gauge fields. 

From the structural constants A^^,, we can construct an important iS't/(A^)-tensor 
Gab, which can be regarded as a Riemannian metric defined on SU{N). In fact. 
Gab is a 2nd-order covariant SU ( A^)-tensor given by 



(3.19) 



Gab 



KdKb- 



3.3. Principle of Representation Invariance. As mentioned above, a phys- 
ically sound gauge theory should be invariant under the SU {N) representation 
transformation (3.16). In the same spirit as the Einstein's principle of relativity. 



we postulate the following principle of representation invariance (PRI) . 
Principle of Representation Invariance (PRI). All SU{N) gauge theories are 



invariant under the transformation [3.16). Namely, the actions of the gauge fields 



are invariant and the corresponding gauge field equations are covariant under the 



transformation (3.16) 



UNIFIED FIELD THEORY AND PRINCIPLE OF REPRESENTATION INVARIANCE 19 



It is easy to see that the classical Yang-Mills actions (3.121 violate the PRI for 
the general representation transformations ( 3.16 )-( 3.18). The modified invariant 
actions should be in the form 



(3.20) 



[Cg + CF]dx, 
C = ^[tj^{d^ + igA';:^Ta)^m\^, 



where Gab is defined as in (3.19). 



To ensure that the action (3.20) is well-defined, the matrix (Gab) must be sym- 
metric and positive definite. In fact, by X'^f^ 



~'^ba have 



Gab 



■^ad^cb 



G, 



ba • 



Hence (Gab) is symmetric. The positivity of (Gab) can be proved if (Gab) is positive 
for a given generator of SU{N). In the following we show that both SU{2) and 
5/7(3), two most important cases in physics, possess positive matrices (Gab)- 
To see this, first consider SU{2). We take the Pauli matrices 



(3.21) 



1 

1 



0"2 = 







0-3 = 



1 

-1 



as a given family of generators of SU{2). The corresponding structural constants 
are given by 



^ab — '^^abc: 

It is easy to see that 



^abc 



1 if (abc) is an even permutation of (123), 
— 1 if (abc) is an odd permutation of (123), 
otherwise. 



1 



Gab — gAJjf,A^^ — Sab- 

Namely (Gab) is an Euclidian metric. Thus for the representation with generators 
(3.21), the action (3.20) is the same as the classical Yang-Mills. 

Second, for SU{3), we take the generators of the Gell-Mann representation of 
SU{3) as 



Ai - 



(3.22) 





A., = 




The structural constants are 
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where fabc are antisymmetric, and 



/l23 — 1, 



(3.23) 



458 



/( 



678 



We infer from (3.23) that 
(3.24) 

Hence we have 



/l47 

2 ■ 



-/l56 — /246 — /257 — /345 — ^ h&7 — 



1 

2' 



Va 7^ 6, 



A^,A^, = 12 Vl<a< 



Gab — -^Kid'^ib — ^ab- 



Again, {Gab) is an EucUd metric for the Gcll-Mann representation ( 3.22[ ) of SU{i). 

In fact, for ah iV > 2 there exists a representation {tq} of SU{N) generators, 
such that the metric Gab — Sab is Euclidian. These N x N matrices Ta can be taken 
in the form 



.(1) 



.(2) 



.(2) 



<7l 



A4 



A7 





a2 




.(2) 



As 


As 




.(1) 



.(2) 



(73 





Ae 




(3.25) 



.(JV-l) 



_{N-1} 



/O •• 

[1 .. 

/O 



Vo 1 



1 



0/ 



/o 



/O 


\0 i 



'2N-1 



Id 






-{N-l)l ' 



where cr, {1 < i < 3) and Afe (4 < fc < 8) are as in ( |3.2ip and ( |3.22p . With these 

Cab 



generators (3.25), 
(3.26) 



^^•^ad^ch — Sab- 



Thus the 2nd-order covariant gauge tensor {Gab} is symmetric and positive defi- 
nite, and defines a Riemannian metric on SU (N) by taking the inner product in 
TbSU{N) as 

{d9'',d9'') = Gab{B)dd''d0'' VB e SU{N). 
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3.4. Unitary rotation gauge invariance. In the above subsection, we have pro- 



posed the PRI, and estabhshed a covariant theory for the SU{N) gauge fields (3.11 ) 



under a general basis transformation (3.16). In (3.26) we see that the SU{N) tensor 
{Gab} gives rise to an Euclidian metric if we take Tq as in ( |3.25 1. We know that 
the same linear combinations of gauge fields 



A a _ a /I 



Zb e 



represent interacting field particles provided the matrix (z^) is modular preserving: 

{■4) e SU{N^ - 1). 

This leads us to study the covariant theory for complex rotations of gauge fields 
corresponding to the Euclid metric Gab = Sab as follows. 



Let Ta be the generators of SU{N) given by (3.25). Then we take the unitary 
transformation 



(3.27) 



n = ZbaTa, (Zba) € SU {N^ - 1). 



For the orthogonal transformation, the SU{N)— tensors X'^i^ have no distinction 
between contra-variant and covariant indices, i.e. 



Therefore the metric tensors Gab can be written as 

Gab = ^acd^dcbt 

where A* is the complex conjugate of A, and Xacd transform as 

(3.28) Xabc = ZadZbfZcgXdfg- 

Thus Gab is as follows 

(Gab) =i^acdX'^cb) — iZab){Gab){Zab)^ — {^ab), 



thanks to Gab = ^ab- Hence, under the unitary transformation (3.27), the SU{N) 



metric (Gab) is invariant. The corresponding unitary transformations of and 9"^ 
are given by 



(3.29) 



— Z^ab^fj,, 



— Zabb 



Thus, for the unitary transformations ( 3.27 )-( 3.29), the invariant gauge action 



(3.20) becomes 



(3.30) 



^ J i^G + CF]dx, 

Cf = ^ [*7^(9^ - wA'^Jra) - m] 
where F;^^ is as in (Is^gl with A"''^ = Xabc- 
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3.5. Remarks. In summary, we have shown the following theorem, providing the 
needed mathematical foundation for PRI. 

Theorem 3.1. For SU{N) {N > 2), the following assertions hold true: 

(1) For each representation of SU{N) with generators {tq}, the SU{N)-tensor 
{Gab) is symmetric and positive definite. Consequently, {Gab) can be de- 
fined on SU{N) as a Riemannian metric, and the action ( 3.2lJ^ is a unique 



form which obeys the Lorentz invariance, the gauge invariance of the trans- 



formation [3.13), and the PRI. 



(2) //{Ta} is taken as in (3.25), the metric {Gab) is Euclidian, and is invari- 



ant under the unitary transformation (3.27). Moreover, the corresponding 



unitary invariant action takes the form (3.30) 



PRI provides a strong restriction on gauge field theories, and we address now 
some direct consequences of such restrictions. 

We know that the standard model for the electroweak and strong interactions 
is a U{1) X SU{2) x SU{3) gauge theory combined with the Higgs mechanism. A 
remarkable character for the Higgs mechanism is that the gauge fields with different 
symmetry groups are combined linearly into terms in the corresponding gauge field 
equations. For example, in the Weinberg-Salam electroweak gauge equations with 
U{1) X SU{2) symmetry breaking, there are such linearly combined terms as 

Zf, = cos e^Wj^ + sin OyjBf,, 
where (1 < a < 3) are SU{2) gauge fields, and is a U{1) gauge field. 



It is clear that these terms (3.31) are not covariant under the general unitary 
transformation as given in (3.271. Hence the classical Higgs mechanism violates the 
PRI. As the standard model is based on the classical Higgs mechanism, it violates 
PRI and can only be considered an approximate model describing interactions in 
nature. 

The grand unification theory (GUT) puts U{1) (g) SU{2) (g> SU{3) into 5;7(5) or 
0(10), whose gauge fields correspond to some specialized representations of SU{5) 
or 0(10) generators. Since similar Higgs are crucial for GUT, it is clear that GUT 
violates PRI as well. 

As far as we know, it appears that the only unified field model, which obeys PRI, 
is the unified field theory based on PID presented in this article, from which we can 
derive not only the same physical conclusions as those from the standard model, 
but also many new results and predictions, leading to the solution of a number of 
longstanding open questions in particle physics. 



4. Unified Field Model Based on PID and PRI. 

4.1. Unified field equations obeying PRI. In [T^, we derived a set of unified 
field equations coupling four interactions based on PID. In view of PRI, we now 
refine this model, ensuring that these equations are covariant under the U{1) (g> 
SU (2) (g) SU{3) generator transformations. 
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The action functional is the natural combination of the Einstcin-Hilbert func- 
tional, the QED action, the weak interaction action, and the standard QCD action: 

(4.1) L = J[Ceh + Cqed + Cw + CQCD]y/^dx, 



where 



(4.2) 



Cqed = -\9'"^g''^'F^,F^fi + ^{i^D^ ~ m)V, 
Cqcd - -\Gl,g^''g''^Sl,S% + qii^D^ - m'^)q. 



Here R is the scalar curvature of the space-time Riemannian manifold (M, g^j^) 
with Minkowski signature, S is the energy-momentum density, G™;^ and G^j, are 



the metrics of SU{2) and SU{3) as defined by (3.19), tp are the wave functions of 
charged fermions, L = (Li,L2)"^ are the wave functions of left-hand lepton and 
quark pairs (each has 3 generations), q = ((?i, 92, 93)"^ are the flavored quarks, and 

(4.3) W^, = V^W^ - V.VK; + g^XlW'^W^, 
S^^ — y fj,S^ — '^i^S^ + gsAlj^S'l^S^. 

Here is the electromagnetic potential, W^" (1 < a < 3) are the SU{2) gauge 
fields for the weak interaction, 5^ (1 < a < 8) are the SU{3) gauge fields for QCD, 
is the Levi-Civita covariant derivative, and 

D^L = (V^ + ieA^ + ig^W;;;aa)L, 

(4.4) - (V^ + ieA^)i,, 
Df,q = (V^ + igsS'ln)q, 

where is the Lorentz Vierbein covariant derivative [5], da (1 < a < 3) are the 
generators of SU{2), and t;, (1 < & < 8) are the generators of SU{3). 

We can show that, for a gauge field and an antisymmetric tensor field Ffj^^, 
we have 

r\ V^yliy — VjyAp ~ dpi, Ay — dllAp_, 

^ ' V F = d F 



It is easy to see that the action (4.1 ) obeys the principle of general relativity, and 
is invariant under Lorentz (Vierbein) transformation, and the U (1) x SU (2) x SU (3) 



24 



MA AND WANG 



gauge transformation: 



A„ ^ A,, - -V, 



1 

I 

1 



9w 



(4.6) " ' 9: 



m °me ^ 



Also, the action (4.1) is invariant under the transformations of SU{2) and SU{i) 



generators a a and Ta'- 

Ta^ yln, {yi) e GL{C'), 

where G'L(C") is the general linear group of all rt x n non-degenerate complex 
matrices. 

We are now in position to establish unified field equations with PRI covariance. 
By PID and PRI, the unified model should be taken by the variation of the action 



(4.1) under the div^-free constraint 

{SL, X)^0 for any X with div^X = 0. 



Here it is required that the gradient operators Va corresponding to div^ are co- 



variant under transformation (4.7). Therefore we have 



4 



where 

niuj , nis , a" , , 7° , iJ*^ are scalar parameters, 

(4.9) al, l3l,-fl,Sl are the 5?7(2) order-1 tensors, 

al, ^1,^1,61 are the SU{3) order-1 tensors. 
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Thus, (2.7 1- (2.8) can be expressed as 



(4.10) 



5L 












5L 






6L 






6L 


^d;4 





where is a vector field, and cj)^ , (p'^, (fi are scalar fields. 

Then, the unified model with PRI covariance is derived from (4.1|-(4.5|, (4.10) 
and (2.9) as 



(4.11) 






(4.12) 








(4.13) 






— n J — n^(h^ 


(4.14) 










(4.15) 


{lY'Df, - m')L = 0, 






(4.16) 


{lY'D^ - m)ij = 0, 






(4.17) 


{tY'D^ ~ m'>)q = 0, 







where D^,D^,D'^,Dl are given by (4.8), and 



(4.18) 
(4.19) 



T — 



ss 



+ 



5g^i, I&ttG 



g/iui^QED + + ^QCd) 



4.2. Coupling parameters. The equations (4.11 )-(4.17) are in general form where 
the SU{2) and SU[?>) generators CTq and r, 
(1 ~ 



are taken arbitrarily, 
a < 3) as the Pauli matrices (3.21), and Tq = Ao (1 < a 



CTa (,i < 

Gell-Mann matrices (|3.22|), then both metrics 



If we take 
< 8) as the 



(4.20) 



G 



ah 



Sab (1 < a,6< 3), 



G 



ab 



Sab (1 < a, 6 < 



are the Euclidian, and there is no need to distinguish the SU{N) covariant tensors 
and contra-variant tensors. 

Hence in general we usually take the Pauli matrices CTq and the Gell-Mann ma- 
trices Afe as the SU{2) and SU{?>) generators. For convenience we introduce dimen- 
sions of related physical quantities. Let E represent energy, L be the length and t 
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be the time. Then we have 

(^/^i t^/^aj Q/jfc) '■ V-^'^J 

h: Et, c: L/t, 



ie,gn!,gs) ■ vEL, 



E 



LL 



mc/h : 1/L (to the mass). 



Thus the parameters m (4.9) can be rewritten as 



■niHC TO^C 



,.0 aO „,0 xO^ ^ 



(4.21) 



(ai,/3i,7^,<5i) = ^(a-,/3-,7r,'5-), 



,2 fl2 „,2 5s 



(a^,/3|,7f-,5^), 



where m// and to^ represent the masses of 0"" and and all the parameters 
(a,/3,7,(5) on the right hand side with different super and sub indices are dimen- 
sionless constants. 

It is worth mentioning that the to-be-determined coupling parameters lead to 
the discovery of PRI. Perhaps there are still some undiscovered physical principles 
or rules which can reduce the number of parameters in (4.21 ). 

:quati 



Then the imificd field equations (4.11 1-(4.17) can be simplified in the form 

E 



(4.22) i?^. - : 



(4.23) a'^F,^ = eJ^ 

(4.24) d-W:^ 



C4 

he 



■ -—A 
^ he 



he ^ 



he 

9s Pk ok 
~h^^'' 



w: 



b gsO^k ak 

he 



2he 



67 



E 



A 9wlb ii/b 9slk Qk 



(4.25) d^St^ 



2hc 



n A™ 

9^^b 
he ^ 



he 



9s5f I 
he 



1 ^rriHeV^ 

4 \~ir) 



1 /TO7rC\2 



(4.26) {i-f'^D^ - to)* = 0, 



where ^ = {-ipjL.q), F^^^, is as in (4.3), and 



(4.27) 



i^^abcTYbTxrc 

he " 



qk _ Pi qk _ Pi qk , 9^ rkij qi qj 



Equations (4.22 )-( 4.26 ) need to be supplemented with coupled gauge equations to 
fix the gauge to compensate the symmetry-breaking and the induced adjoint fields 
((/)^, 0^, ^s). In different physical situations, the coupled gauge equations may be 
different. However, they usually take the following form: 



(4.28) 



a^A^ = 0, a'^W; = constant. 



9^5'; = constant. 
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From the physical point of view, the coefficients , (3^ should be the 
same: 

(4.29) = = 7^ = , 

depending on the energy density. For the SU (2) and SU (3) vector constants, it is 
natural to take 

, , = = = forl<a<3, 

(4.30) 



s cs 

Ik = Sk 



for 1< fc < 



Therefore, by (4.29) and (4.30), the to-be-determined parameters reduce to the 
following SU{2) and SU{S) vectors: 

(4.31) = and {a^ = («?,•••, ag), 

consisting of 11 to-be-determined constants. In particular, in two accompanying 
papers on weak and strong interactions, we find that each component of {a™} and 
{al} represents the portion distributed to the gauge potential and by the 
weak and strong charges g^^ and g^- Consequently, we have 

(4.32) |{a-}| = ya^ = a"', = y^Pf = a^ 

The strength scalar parameters , a™ and a* depend on the energy density, and 
for decoupled interaction, they all are given by 



(4.33) = a" 

Hence finally, we derive the following 



(4.34) i?^, - Ig^.R 



SttG. 



-T — 



1. 



he 



he 



(4.35) dT,^. 

(4.36) d'^W^^ 



(4.37) d'-S',^ 



he ^ 



he 



+ eJu, 



2he 



1 /"m-HcV^ 



if 



4:\ h 



gwa^ 



he ^ 



2he 



f '^g'^^Sl^Sl - gsQ 



1 /m7rC\2 



he ^ 



'""fc cfc 

he 



he 



(4.38) {i"f^D^ - m)* = 0. 



5. Duality and Decoupling of Interacting Fields 

5.1. Duality. In [T^], we have obtained a natural duality between the interacting 
fields {g.A^W.S^) and their adjoint fields ($^, 0-^, 0^^, 0^) as follows 



(5.1) 



VI < a < 3, 
Vl< fc < 8. 
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However, due to the discovery of PRI symmetry, the SU{2) gauge fields (1 < 
a < 3) and the SU{3) gauge fields {1 < b < 8) are symmetric in their indices 
a = 1, 2, 3 and b — 1, - ■ ■ ,8 respectively. Therefore the corresponding relation (5.1 ) 
is changed into the following dual relation 



(5.2) 



{S'} 



E 



{CI, 



In comparison to the duality ( 5.1 1 discovered in |12j . the new viewpoint here is that 
the three fields W^J (a = 1,2,3) and the eight fields S'^ (1 < fc < 8) are regarded 
as two gauge group tensors corresponding to SU{2) and SU{i) tensor fields: {4>'^} 
and respectively. This change is caused by the PRI symmetry, leading to the 
PRI covariant field equations (|4.1ip-(|4.17|). 



In jTUJ [12], we have discussed the interaction between the gravitational field 
{gij} and its adjoint field {$^}, leading to a unified theory for dark energy and 
dark matter. Hereafter we focus on the electromagnetic pair and (j)^ , the weak 
interaction pair {w^} and and the strong interaction pair {S'^} and {(j)^}- 

An important case is that 



(5.3) 4 

(5.4) c^l = C 
where 7]a and Qk are constant representation vectors. 



5.2. Modified QED model. For the electromagnetic interaction only, the decou- 



pled QED field equations from ( |4.23[ ), ( |4.28[ ) and ( |4.29[ ) are given by 

1 d^A, 



(5.5) 

(5.6) 
(5.7) 



c2 ' 
il^{df, + ieA^)il;-mil) = 
df^A. = 0, 



da 



where — ±1, — ipjf_iip is the current satisfying 



d^J^ = 0. 



Equations (5.5)-(5.7) are the modified QED model, which can also be written as 
1 92 _ 



(5.8) 

(5.9) 

(5.10) 
(5.11) 



C2 dt^ 
1 92 



he " --^ -^^^ ' "f^' 

c2 dt^ ' ; he 



A. ■ d^'cj)'' = 0, 



d^'A, = 0. 



If we take the form 
(5.12) i? = curU, 



E = 



I OA 
elk 
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where = if,^), ^ = (^17^2,^3), then the equations (4.12) and (5.111 are a 
modified version of the MaxweU equations expressed as 

1 dH 



(5.13) 
(5.14) 

(5.15) 
(5.16) 
(5.17) 



c di 
H = curlA, 

1 dE 
c~dt 



-curlE', 



cnvlH 



J 

E 



he 



AiyE = p 



elk 

V2\ 



he 



e at 



where J — [Ji, J3) is the electric current density and p is the electric charge 



density. Equations ( 5.13 1-( 5.17) need to be supplemented with a coupled equation 



to fix the gauge compensating the symmetry breaking and the induced adjoint field 



5.3. Weak interactions. We derive now the field equations for weak interaction 
using an SU{2) gauge theory based on PID and PRI. The action functional is 



(5.18) 
where 
(5.19) 



Cwdx, 



Here G^^ is the metric defined by (3.191, L = {Li,L2)'^ are the wave functions of 
left-hand Icpton and quark pairs (each has 3 generations), and 



(5.20) 



^'"-xiwj'.w,': 



Here (1 < a < 3) are the SU{2) gauge fields for the weak interaction, and 

(5.21) D^L^{d^ + ig^W;Ta)L, 

where Tq (1 < a < 3) are the generators of SU{2). 

Using PID, the weak interaction field equations are given by 



(5.22) 



g: 



ah 



2he 

he " 



(i7^L'^-m')i = 0, 



(5.23) 

where Jj/a = L^^TaL, kg is a constant, k^x^/A is a mass potential, is the weak 
charge, and is the SU{2) vector representing the portions distributed to the 
gauge potentials by the weak charge. 

The above field equations readily lead to a natural duality: 

(5.24) {W;} ^ {C}. 

The left side of this duality induces the intermediate vector bosons and Z, and 
the right had side gives rise to three Higgs bosons: one neutral and two charged. 
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We can separate the field equations for (/)° by taking divergence on both sides of 

ators of SU\ 

Vl< a < 3. 



(5.22 1. Take the Pauli matrices as the generators of SU{2), and notice that 





Then we derive that 

C2 dt^ 



(5.25) 



Another possible duality is the degenerate case where the three scalar fields (j)^ 
are a constant vector C,a times a single scalar field (j)^': ^™ = In this case, 

the duality reduces to 

(5.26) {W^} ^ {r}. 

Again, the left side of this duality induces the intermediate vector bosons and 
Z. However, the right had side gives rise to one neutral Higgs boson. 

For the duality (5.26), if we take the Pauli matrices as the generators of SU{2), 
then (5.221 can be rewritten as 

(5.27) 



da 



9w_ 

he 



5.4. Strong interactions. The decoupled model for strong interaction is given 
by: 



(5.28) 



G 



kj 



QsQuk 



he 



(5.29) 



i-/'"ihcdf, + ig,S'l^Xk)q ~ rriqC^q = 0, 



where {a^} — {af, • • • , a^) is the SU{3) constant vector, and 



(5.30) 



For the strong interactions duality 

{S'} 



{<l>s}, 



if we take Tq = Aq (1 < a < 8) as the Gell-Mann matrices (3.221, the field equations 
derived from ( 4.25| ) and (4.26) are given by 



(5.31) d'-s:;, 



rkij aP qi qj _ Qk 



d... 



1 / m^c \2 
^ \ h ) 



he 



(5.32) {iYD^^m)q = Q, 

where is the mass of the Yukawa meson, f^'^'^ are the structural constants as in 

( psl , 

(5.33) Ql = q-7^A^g (1 < A < 8) 
are quark currents, m is the quark mass, and 
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Taking divergence on both sides of (5.31 1, we derive the equation for the adjoint 
fields 6': as follows 



(5.34) 



1^ 



2hc 



Equations (5.311, (5.32) and (5.34) are the duality model for strong interacting 
fields. 



If we consider the duality (5.4), the field equation (5.31) is expressed as 



(5.35) d'^St^ - ^f^ig-^Sl^Si ~ gsQl - 



he 



Xn 



Here we ignored the coupling to due to the fact that gluons are massless. Taking 
divergence on both sides of (5.35) and making the contraction with {C*^} we have 



(5.36) 



\C\' 



1 c'' 



6. Quark Potentials 



6.1. Strong acting forces. We know that the electromagnetism is caused by the 
electric charge e, and the coupling constant of the U{1) gauge field. In particular, 
the electromagnetic potential = {Aq, Ai, A2, A3) can be interpreted as: 

= $ the electric potential. 



(6.1) 
and 
(6.2) 



A = (^1,^2, A3) the magnetic potential, 



1 



F„ 



the force acting on particles with charge e, 
e V X curM the Lorentz force acting on e. 



In the same spirit as the electromagnetism, the strong interaction is modeled by 
an SU{3) gauge theory. The gauge potential 5^ consists of eight constituents of 
vector fields: 



l<k< 



nk { 

•^u — 1 '-'1 T ^2 T '^3 )j 



and the k-th constituent corresponds to the fc-th gluon. The coupling constant 
gs of SU{3) gauge fields plays a similar role as the electric charge e, and is called 
the strong charge. The zeroth components Sq represent the strong-charge poten- 
tials, and the spatial components S'' = (Sj"', 5*2 , S'|) represent strong-rotational 
potentials. Hence 

(6.3) = -Ng^VS^ 

is defined to be the fc-th component of force acting on particles with TV strong 
charges g^, generated by exchanging the fc-th gluon. The total acting force is 
defined as 

(6.4) FsE = -Ng^VSo, So = a^5o^ 
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■5) 



where {a^} — {a^} is the SU{3) dimcnsionless constant vector. Also 

are called the strong-rotational forces, where = ( , , J3 ) is the strong charge 
current density. It is clear that Fse and Fsm in (|6.4[ ) and (6.5) obey PRI. 
In particular, for quarks = are as in (5.33), and 

represents strong charge density of quarks. 

6.2. Quark potentials. We know that the mediators of strong interaction are the 
eight gluons gk (1 < ^ < 8), with corresponding gauge vector fields 5^ : 

{Si ^ [Si Si Si St)] ^ {gk}. 

As addressed earlier, for each fc, the component S^ represents the fc-th component 
of the quark potential. Namely, the fc-th component of quark force F^ is given by 

We now derive an approximate formula for the quark potentials from the 
field equations (5.31 ) and (5.32). For simplicity, we only consider the case ignoring 
the coupling of 0** with A^, and S*^, as gluons are massless bosonic fields. Thus 
using the duality (5.4), the field equations (5.35) are written as 

/-k 

l^uqk _ 9s fkjl al3qj ql _ „ r)k _ 9s(, 
2hc ^ ^"^^^ ~ 'JWc 



(6.6) 



d,. 



fc2 



where fco = mT^c/h. Equations (6.6 1 need to be supplemented with a coupling gauge 
equation for compensating generated: 

(6.7) 

Note that 

Vl< fc < 



0. 



d^^d^s^, = 



Taking divergence on both sides of (6.6), and making the contraction with {C''}, 
we have 



(6.8) U(t>' + k^(t)' 

where □ is the wave operator. 



ICP 



By (5.33) we have 



In view of the Dirac equation (5.32), 



5p(g7^Afeg) = ^3^^Slqr\,\kq + I'^qXkq, 

■ g. 



h 

rrinC 



qi^Xkd^j^q = -i — Slq^^XkXjq - i—^qXtq 



he 



Hence we arrive at 



d''Ql^l'gSj,m^,,>^k]q 



2gs 
he 



where Q^' = 
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For a static quark, its strong charge 4-current density 0^ and fields 



satisfy 



(6.9) 



dt 



Tlierefore, by (6.7 1 and (6.9), equation (6.8 1 is rewritten as 
(6.10) - V^c/}" + kl(j)' = gsK6{r) - k^x ■ V^" 

where 



x-Vc 



20, 



Xi 



dxi 



X2 



dx2 



X3 



dxn 



0_ fkij "ti 



)ICP' 



and Sj^ = 'S'u(O) is the average 



(6.11) 



Po I JB^ 



where po is the effective radius of quarks. Later, we shall see that 



1 



Hence, by (6.111 we obtain 



as r — > oo. 



ffc -1 
LPo ■ 



Thus the parameter k is 
(6.12) K = 



2eoD 1 



he Po 



'olCI^ 



Since the quark radius po — 0, (6.12) shows that the parameter k is very large. 
Consequently equation (6.10) can be taken approximately as 

(6.13) - V^^" + kl(j)' ^ gsn6{r) - k^x ■ V(/)o, 
where (/)o is the solution of the following equation 

(6.14) -V^(j)o + kl(l)o^ gsiiS{r). 



It is known that the solution 0o of (6.14) is given by 

mc 



r 



ko = 



where m is the mass of the strong dual scalar field (p^'-the Higgs spin-0 type boson 
particle with m > lOOGeV/c^. Physically, for the quark fields we have 

1 ifi 
r < — < lO^^^cm. 

ko 



Hence, inserting 0o in (6.13) we derive an exact solution of (6.13) as follows 

'1 



(6.15) 



3fcn 



kn 



which is an approximate solution for (6.10). 

We now return to the zeroth-components of the field equations (6.6). By (6.9), 
using the fact that 

jklr jkij q 
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we derive that 
(6.16) -V^S^) 



2 Qk "^5s rklr-r-/ qI or , ^ 

2hJ ^^0-^+2 



he 



nc AVhc 



where r is the hfetime of (j)^ , and 

, d d d 

OTi aa;2 0x3 



div5'= = 



dxi dx2 

X = {xi,X2,X'i). 



0X3 ' 



The equations (6.6) with f-i ^ are given by 
.17) 



V^S^ - VidWS'') + |/''^^Miv(5*5^) - ^j'^^ig-f^Sl.^Sj, 



2hc 



= a^^Of^gJix) 

Physically, we have the relations 

< ^0 for 1 < /i < 3 



(6.18) 



1 



< CT 



«0 



or more precisely fcocr > 10^. 
It follows from ( |6.17p and ( |6.18[ ) that 

(6.19) 15^5^1 « |5o^5o^| for 1 < ^z, < 3. 



In fact, 5*^ (1 < /i < 3) represent the strong-rotational potential caused by the 
quark spin, and Sq represents the strong-charge potential generated by the charge 
gg. Therefore, the property (6.191 is natural in physics, and the coupling energy 
of the strong-charge Sq and the strong-rotationsl S'^ of a quark is weak. Hence in 
(6.16) we have 



.20) 



f''a';divS'S'o = 0, 



Making the contraction for (6.16) with {a^}, by (6.20) and a^a^ — 1, we deduce 
that 



fe„,fe 



•21) 



gsC a 



s u2 



where 0" is given by (6.15), and 



So — -So^s 



is the total strong-charge potential of a quark, which yields a force exerted on 
particles with charge Ngs as 

F = -Ng.WSo. 



To solve (6.21 ), we take So in the form 
.22) 



50 = ^-$. 
r 
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Let $ be radial symmetric, then 



dr \ dr 



Inserting (|6.22p in (|6.21|) we obtain that 
(6.23) 
where 



Ags mc 
B = -j=cT, ko^ —, 



A = 



and D is the constant given by (6.12). Let 



(6.24) 

Then, by (6.231 we deduce that 

'1 
r 



(6.25) ip" + 2[- -ko]<p' - 



2ko 2 \ 
fco ) = 



1 



ftp 



Assume that the solution ip of ( 6.25[ ) is 
(6.26) ^ = J2 



OO 

k = l 



Inserting in (6.251 and comparing the coefficients of r'^, we obtain the relations 
1 

2' 

1 /3, 



a2 



6 V4 



-fco + 4fcoa] 



.27) 



a4 



1 

20 



(Sfcoas - fco"2), 



1 



-{2NaN-i~ aN-2ko)ko ioi N > A. 



N{N + 1 

Often, it is enough to take only the 2nd-order approximation of the infinite series 



(6.26l-(6.27l 



(6.28) 



I \ , 2 , 11^0 2 

ip{r) = air + = - + ■ 



Thus, by ( |6.22[ ) and (|6.24|) the solution S'o of \Q.2l\ is given by 
.29) 



S'o — 5s ^0 



1 R/r2 

- - ^e-^"Xr) 
r 2po 



For the quark case studied here, we take 6q = \. Hence finally we have 
(6.30) S'o = .g. 



1 Rit2 



r 2po 
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Formula (6.30) provides an approximate expression for the total strong-charge 
potential generated by a single quark without considering the strong-rotational 
effect caused by the quark spin. However, if we consider N quarks occupying a ball 
in space with radius pi, then the parameters 9o in (6.29) will have to be replaced 

by 

3 / \ 3 



(6.31) 



= N 



^ N 



which will be proved in the next section, where po is the effective radius of a quark. 
It is the property (6.31 1 that causes the short range nature of strong interaction. 

Quark confinement phenomena indicates that no single quark has been found, 
and all quarks are grouped into two or three quarks to form mesons or baryons. 
Therefore formula (6.291 is applicable to describing the hadron structure. From the 
physical point of view, the parameter ko in (6.29) 

kQ = 



mc 
IT 



is determined by a strong interacting Higgs particle with mass m, whose value is 
estimated as 

(6.32) m > 100 GeV/c^ 

or equivalently, the radius pi of hadrons is 



ko 



-16, 



(6.33) pi 

Therefore we believe that in the hadron level, there should be a strong interact- 
ing Higgs boson with mass as (6.32). This Higgs field might be related with the 
anomalies in the LHC data related to the Higgs particle. 

In the nucleon level, the mediator is the strong dual particle field 
the Yukawa-like particle, considered to be the tt" meson with mass 

= 135 MeV/c^. 



which is 



By (6.31), we shall derive in the next section the nucleon potential as 

3 



.34) 



N 



1 Bnkf 

— — ( 

r pi 



-kir 



ip{r) 



where A'' = 3 is the quark number forming nucleons, fci = rriT^c/h, po and pi are the 
radii of quark and nucleon respectively. 

6.3. Quark confinement and asymptotic freedom. We assume that each quark 
possesses a strong charge gs which is always positive. Then the potential energy 
generated by two quarks with distance r is 

where S{r) = S'g(r)6'§ is the scalar quark potential, and (6.29) is an approximate 
formula for the quark potential. The acting force between two quarks are 

dS 
dr 



(6.35) 



F ^ -V$ = -gs 



From formula (6.29 ) we see that there are two different radii p and pi = /cq , p is 
the quark radius and pi is the radius of quark acting forces. Physically they satisfy 

(6.36) P«Pi, 



p < lO^^^cm, 



Pi < lO^^^cm. 
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in Figure |6.1 



Based on (6.29) and (6.361, we derive the diagram of quark potential $ as shown 




Figure 6.1. 



Figure 6.1 shows that $ has a minimum at r (p < r < tq), where the quark 



acting force F is zero. Namely by (6.35) and (6.29), we have 



.37) 



F = 




We infer from (6.37) the following conclusions: 



(1) Two close enough quarks are repelling. 

(2) Near r = r, there are no interactions between quarks-the interactions are 
weak. This explains the quark asymptotic freedom phenomena. 

(3) In the region f < r < tq, the quark acting force is attracting. In particular, 
the attracting potential energy has the order of magnitude as 



rip' 



It implies that 



(6.38) 



-oo as p — )■ 0, 



and the property (6.38) explains the quark confinement. In particular. 



based on (6.30) and (6.31), the ratio of binding energies of quark and nu- 
cleon is 



.39) 



which is in the Planck level. 
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(4) F > as r > rg means the quark attracting force is a short range force. 

(5) The radius tq represents the radius of hadrons, which is estimated as tq < 



10- 



7. Strong Interaction Potential 



7.1. QCD action for nucleons. Interaction forces act on different levels of par- 
ticles/matter. Strong intersection forces are generated in three level of particles: 
quarks, hadrons/nucleons, and atoms. Beyond the level of atoms, the strong force 
almost disappears. In Section 3 we have derived the quark potential (6.291, and we 



devote this section to deriving hadron/ nucleon and atom force potentials. 

Nucleons include protons and neutrons which are the constituents of a nuclear. 
Classically, the force holding nucleons together to form a nuclear is the Yukawa 
potential 

9 



(7.1) 



where fci = rriT^c/h , m,r is the mass of the Yukawa meson, g is the meson charge 
with g ^ lOe, and e is the electric charge. 



The Yukawa potential (7.1) is a phenomenological theory, which provides an 



approximation for the short range strong interaction force between nucleons. How- 



ever, formula (7.1 1 fails to explain the repelling phenomenon as shown in Figure 6.1 



when two nucleons are close. 



In the same spirit as for deriving the quark potential (6.291, we now deduce 



(6.341 replacing (7.11. To this end, we start with the QCD action for nucleons as 

fli, 12, ci3)n with n being 



(7.2) 



where S^^, are as in (4.27) representing gluon fields, n 



1, and 



the wave function of a nucleon and 
(7.3) 

Because the adjoint field (j) of nucleons represents the tt meson-like particle field. 



similar to (5.31) and (5.331, from (7.2|-(7.3|, we derive the field equations describing 

gsC" 



nucleons as follows 
(7.4) 



9'^ fkij afi qi qj jk 
2hc ^»I^^I3 ds-Jf, 



kf 



(7.5) 
where 
(7.6) 
(7.7) 



(fic5^ -f- igsSf^Xk) n - mc^n = 0, 



7.2. Nucleon/hadron potential. In the same fashion as deriving (6.101, we de- 
duce from (7.4) and (7.5) that 



(7.1 



V^^ + kfcj) ^ g,p^ ^A„0QS{r) - k^x ■ V0, 



where pi is the radius of a nucleon, and 
(7.9) A„ = 



2 .M. C'^l^j d, 
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Here is defined by 

(7.10) Jl = a'^e.Sir). 

The total potential equation is given by 



(7.11) 



where (f> is as in (7.81, and 



rr ck k 



is the total potential of a nucleon. 



(7.12) 



Similar to (6.291, the solution of (7.11) are given by 



Sn 



^ogs 



pi 



e-'^iXr) 



Here (^(r) is as (6.261 and i?„ is a constant given by 

AngsC^a'l 



B„ 



-CT, 



An is as in (7.91, t is the lifetime of the Yukawa particle, and fci is as (7.7). 
By (|6J]) and ( |7.10| we have 

(7.13) 



\Qo\ 



Pol 



where Vn and Vq are the volumes of nucleon and quark, |Jo| — \/ JqJq, \Qo\ — 

\/ Q\Q%: a-nd iV = 3 is the number of quarks in a nucleon. By VgjVn ~ ' 
from (7.13) and Bq — 1, we deduce that 

Pi 



Thus (7.12) can be expressed as 
(7.14) 



Sfi — 3 



1 Bnk\ 



Pi 



ip{r) 



which has the same form as (6.34). 

With the same method as above, an atom/molecule with N nucleons generates 
the strong interaction potential as follows 



(7.15) 



9s 



Bnk\ 

P2 



-^■^Xr) 



where p2 is the radius of an atom, and ki is as in (7.14). 



7.3. Physical conclusions. We have derived three formulas (6.291, (7.14) and 
(7.15) describing three different levels of strong interaction. The potential (6.29) 
reveals the hadron structure and explains the mechanism and mature of quark 
confinement and asymptotic freedom. Hereafter we shall see that formula (7.14) 
agrees with the observed data for nucleons/hadrons, and (7.151 can explain why 
the strong forces disappear in the macro-scale (short-range nature of the strong 
interaction) . 
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We know that 



Pi < lO^i^cm, fci = 10i3cm-\ n ^ — ^ l/„ 

fci 



For the polynomial (p in (6.26 1-(6. 271, we take the first-order approximation 

r 



Then ( |7.14[ ) reads as 
(7.16) 



"ir 



2 



The force acting on one nucleon by another is 

dSn 



(7.17) 



dr 



2 / PO 

Pi 



1 IQi^ B„ _^ / r 



2 rf 



e "^1 



Po\ 1 Gn / 1 



pi / ri \ri 



- 1 e 



where 



G„ = ? X 10i« X ( ^ 
2 VPi 



With (7.1), the Yukawa force is given by 
(7.18) Fy =g' 



d (\ 
dr 



-e '■! 



-9 



1 1 



e 



Comparing (7.171 with (7.18), we may take 
(7.19) 9s = g" 

Namely, 

^ X lO^s X ( ^ 
2 VPi 



_B„ ^ 2. 



We derive from (7. 16)- (7. 19) the following conclusions, consistent with experi- 
mental results: 



(1) The diagram of the nucleon/hadron potential (7.16) is as shown in Fig- 
ure IHUl 

(2) By (7.17), nuclcons have a repelling radius 

a — 1/m, 

and the repelling force F tends to infinite as r — > 0: 
F -> +0O as r ^ 0. 

(3) There exists an attracting region: 

1/m < r < z/„j, 

where z satisfies that 



'(z- 1) = 2 X IQ-i^B^ 



Hence z = 30 ~ 40. 
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(4) It is known that the radius of an atom is about 

P2 = 10~^cni. 

and 

(p2. 

In addition, the gravity and the Yukawa force are 



< 10" 



(7.20) 



(7.21) 



Grrip 
he 



10 
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r 
he 



10. 



Hence by (7.19) and (7.20), beyond the level of an atom or a molecule, the 
ratio between the strong repelling force and the gravitational force is 
3 \ / \ 3 



= 3iV^ 




N^Gml) = 3 X 10 
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Physically, the effective quark radius is taken as p ^ 10 ^^cm, and the 
atom or molecule radius is p2 ~ lO^^cm or p2 — lO^^cm. Then it follows 



from \1.2l\ that 



Fn 



F„ 



3 X 10" 



near the atom radius p^, 
beyond the molecule radius p„ 



Namely, near the radius of an atom, the strong repelling is stronger than 
the gravitational force, and beyond the molecule radius, the strong re- 
pelling force is smaller than the gravitational force. We believe this com- 
petition between the gravitational force and the strong force in the level of 
atoms/molecules gives rise to the mechanism of the van der Waals force. 

8. Duality Theory of Weak Interactions 



.1. Non-coexistence of charged and neutral particles. In Section 10 we will 



discuss the mass generation mechanism for the field equations (5.22) and (5.23). We 
focus here on charged Higgs particles and the non-coexistence of weak interaction 
intermediate vector bosons using these field equations. 



Equation (5.22 ) need to be supplemented with coupling gauge equations to com- 
plement the adjoint fields (pa created, which are taken as 

(8.1) a''l^; = /3" for a = 1,2, 3, 

where /J" are parameters which may vary for different physical situations. 

For simplicity we take the Pauli matrices Ca (1 < a < 3) as the generators of 
SU{2). Then make the transformation 







i 
\/2 








\/2 


■I 

\/2 








^0 










(8.2) 



Under this transformation, {W^,W^, Wj^) and 

f) = (0i±Z02,03) 



/)2,03) are transformed to 
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Then by PRI, equations (5.22) become 
(8.3) 



9wJn 



(8.4) 



where 



(8.5) 



Here 



(8.6) 



4 

,0 



2 



djyZn — dnZi, 



he 



he 

{w+w- 




where {a^} = (a™, a™, a™) is as in (5.22), and the second component a™ — when 
we use the PauU representation. 

It is easy to see that (8.3) for and W~ are complex conjugate to each other. 
Here are two important solutions, leading to two different weak interactions: 

First, if 



(8.7) 



= 0, 



6° = 1, ^ 0, 



then satisfies the equation 



nz., 







where □ is the wave operator given by 

n- 1 — 

This is the case where the weak interaction involves the neutral Higgs boson (jp and 
the neutral intermediate vector boson Z with mass parameter fc^. 
Second, if 



(8.9) 
then satisfy 

(8.10) 



= 1, 



± 



gJu 



This is the case where the weak interaction occurs through the two charged inter- 
mediate vector bosons W^, with mass parameter fc^, and the two charged Higgs 
bosons (h'^. 
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These two solution cases suggest that the charged gauge bosons cannot 
appear simultaneously with the neutral boson Z in one physical situation. 

Now we consider the adjoint fields (f>^ and cffi. If 

(8.11) Z^=0, /3i<0, /32 = 0, 



taking divergence on both sides of (8.3) we get 

(8.12) □0± + (fc2 + ^^l/3'l)'/ ■ 
Also, if 

(8.13) W± =0, (3'< 0, 



o(W^±,^±). 



then we obtain from (8.4) that 

(8.14) 00° + {kl + fc||/3'l)0° + gd^J"^ = o(Z, 0°). 

Hence these two cases suggest also that there exist charged and neutral Higgs 
particles 0^ and 0°, and the charged Higgs cannot coexist with the neutral 
Higgs 0°. 

In summary, from the above discussion we deduce the following physical conclu- 
sions: 

1) Existence of charged and neutral Higgs particles (p^ and cfP, satisfying 
equations 



.12) and (8.14) respectively. 



2) Non-coexistence of charged and neutral weak interaction particles. Namely, 

and (f>^ cannot coexist with Z or cfP. 

3) Finally, the two parameters /cq + k'^\f3^\ and fc^ + k'^\/3^\ define the masses 
TO^ and m'jj of the Higgs bosons (f)^ and 0°. We have 



where toq is the mass associated with the mass potential fco. We conjecture 
that the masses and of and (ffi also satisfy the scale relation 



.19), i.e. 



(8.15) 



m 



m 



my/ 

where 9w is the Weinberg angle. 



±1 



cos 9w- 



We remark that Conclusions 1) and 2) above cannot be derived from the classical 
weak interaction theories. 



2. Scaling relation. We know from ( 10.36 ) that 

mw 
mz 



(8.16) 



= cos6'h'- 



According to the IVB theory for weak interaction, the charged and the neutral 
currents are 

9w j± -NC -fu 



(8.17) 



j± 



J 



jNC 

COS 9w ^ 



After proper scaling for J^, i.e. taking -^J^ as J^, (8.17) can be rewritten as 



fj- 



■NC 



COS Uw 



-J, 



NC 



44 



MA AND WANG 



Hence we can consider and g^,/ cos 9\y as the intensities of the currents and 



jf^^ respectively, denoted by 



(8.18) 



9u 



\J 



NC\ 
ti I 



COS 9w 



Therefore, from (8.I6I and (8.I8I we get the scale relation between masses and 
intensities of currents as 

(8.19) I . „^ I = = COS0W- 



By PRI, the weak interaction can be decoupled with other interactions. If we use 
the Pauli matrices ai, 02 and (T3 as the generators for SU (2), then Gah is Euclidean. 
However, the corresponding action density Hy/ does not lead to the scaling relation 
(8.19). To solve this problem, we take another SU{2) representation with the 
following generators: 

(8.20) 



Tl = (Tl, 



T2 



(72, T3 = \/cOS 9w<J3- 



In this case, the metric Gab defined by (3.19) is 



'1 
Gah - I 1 






,0 0086* 



By (3.20) the action density corresponding to the representation (8.20) is given by 



(8.21) 

where 
(8.22) 



Cw=~ liW'^uW'^" + W^^^W'^-" + cos ewW^^W'^''] 



and A^^ are the structural constants with respect to (8.20), which are antisymmetric 
for all indices a, 5, c. 

Thus, under the div^-free constraint associated with 

1)^3 = 008 6*1^9^ 



1 /mwcy 

^ V h ) 



cos 9w 



T4^,^ + cos6'n.-^^a; 



4 
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the Euler-Lagrangian equations of ( 8.21 )-( 8.22) are as follows 



2hc 



(8.23) 



lyfj, 



d^Wf 



2hc 



gwJ, 



9u 



- F - 



4 

9w 



4 



COS 

where k = mwc/h. Under the unitary rotation transformation 



(8.24) 





By PRI, the equations (8.231 becomes 



(8.25) 



9wJ\ 



COS^ 01 



2hc COS 9 



9w jNC _ 

COS 6w ^ 



w 
d 



where J^, Jj^^ = and W^^, Zyfj_ are defined (8.5 1. It is clear that for (8.25), 
scaling relation (8.19) holds true. 

Note here that the 2nd-order SU (2) tensor diag (fc^, fc^, fc^/ cos^ 6\y) are invariant 



for the transformation (8.24). Namely 












i 











1 
















cos 2 9\v ' 


^0 







Hence from (8.23) to (8.25) we have 



cos2 9^ 



-'mi 



\/2 



t 











1, 



^ ^ COS^ e'vy 



Remark 8.1. In (8.19), the ratio between the mass loss and intensity loss of the 
charged bosons and charged currents is the same as the ratio between 
those of Z and j^'" . The parts lost can be considered as being transformed into 
electromagnetic energy. 
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9. Weak Interaction Potentials 



9.1. Weak interaction potentials. We now consider the duality between {W^"} 



and a single neutral Higgs field given by (5.26). It is clear that both the weak 



gauge fields and the adjoint scalar field (p carry rich physical information, as 



the electromagnetic potential 
magnetic field H are written as 



E : 

where A = (^1,^2,^3),' 
is 



in QED. For example, the electric field E and 




V dx^ ' dx^ ' dx^ > 



H = cm\A, 



the electromagnetic energy density e 



and the photon 7 is expressed by satisfying 



OA., 



0. 



and W± 

h± AO 



satisfying (|8.8|) and (|8.10|) represent the 
satisfying 



12) and 



.14) represent the 



So far, very little information has been extrapolated from the weak gauge fields 
For example, we know that 
neutral and charged bosons, and 
neutral and charged Higgs particles. 

In the same spirit as electromagnetism, we introduce below two physical quan- 
tities associated with the weak gauge potentials W^. 




Figure 9.1. 



First, the /3-decay is a weak process, as illustrated by Figure 9.1 (a) and (b). 
Physically, the process in Figure 9.1 (a) is regarded as an exchange of a massive 



UNIFIED FIELD THEORY AND PRINCIPLE OF REPRESENTATION INVARIANCE 47 



vector meson W~ , as shown in (b). The force range is about r — lO^^^cm. Before 
the /3-decay, the neutron n is an energy pack bound by the potential energy (j) in 
the radius r = 10~^®, and when the momentum energy in the interior of a neutron 
is greater than the bounding energy, the neutron is split into a proton p and an 
intermediate vector boson W~ , and the /3-decay occurs. The interior momentum 
energy is characterized by 



(9.1) 



M = I GabVW^VW'^dy, 2/ e M^ 



where V 



af^' af^' afj j ■ Obviously, the right-hand side of (9.11 obeys PRI. 
Since s is the momentum energy, it is not Lorentz invariant. 
Second, the weak gauge potential have three constituents: 

{w;,,wiw'^}. 

The time-components Wg represent the weak-charge potentials with corresponding 
forces exerted by a particle with one weak charge on another with weak 
charges given by: 



The total force exerted on the particle is 

(9.2) FwE = ~Ng^a:;VWS, 



for a = 1, 2, 3. 



where a™ is as in (5.22 1. 

The spatial components W'^ = {Wi, W^, W^) represent the weak- rotational po- 
tentials, yielding the following weak-rotational forces: 



F^M = S^e^'V^ X curW^ 
FwM = 5™e"''"aa ^ x curlH>^ 



(9.3) 



where {J^} — { jj', j|, j|} is the weak current density. Obviously, Fwe and Fwm 
are gauge group representation invariant, i.e. they obey PRI. 

9.2. Dual field potential. We take the Pauli matrices era as the generators of an 



SU{2) representation. Thus, Gab = ^ab and we derive from (5.27) the following 
equation 



(9.4) 



2hc 



Xl.g'^^d'^iWl^Wl) 



where = CVICP (C - Ca)- 

Assume that (j) and are small and are independent of time variable xq = ct. 



Ignoring the higher order terms, equation (9.4) becomes 

(9.5) v20- f^f = -y^ra^j^a. 



Equation (9.5) provides a model describing the scalar potential (f) of weak force, 



which holds energy to form a particle. 
By definition, we have 
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By the Dirac equation (5.231. 



Thus we obtain 



Noting that 



i j k 

e e e 

w}, wl 



where f = C^), = ^l.'^l.^l)- Hence we obtain that 

(9.6) Cd^J^a = 25^.(e X W^) ■ >, > = ( Jf , J^', Ji^). 
The weak charge densities Jq = are 

(9.7) J^ = al8{x) for a = 1,2, 3, 



where a.^ = (a^, a^, aj^) is as in (5.22). Therefore it foUows from (9.6 1 that 
(9.8) rS^^Ma = 2.g,„d,, • (C X W'^)(S(x), 

where cJ = M>o(0), f = (Ci, C2, C3)/|CI', and 



(9.9) 



2a„ • X J) = 2^ • (w X a„) 



Thus, by (9.8) and (9.9) the equation (9.5) is rewritten as 

, 2 



(9.10) 

Let 

(9.11) 



(I) ^ -KgwS{x). 



rriHC 



where rriH is the mass of a Higgs particle. 

By (9.10) we derive the dual field potential (j>: 

(9.12) ^^^e-'=«'-. 



Formula (9.12 1 leads to a few physical conclusions for weak interaction as follows: 
1). The masses mn and of the Higgs and tt meson are 



= 125 GeV/c^, 



0.135 GeV/c^ 



which implies that 



By (9.12) we have 



rs 

where rw and rs are the force ranges of weak and strong interactions. Hence the 
weak force range is rw = 10~^^cm, consistent with experimental data. 

2). By (9.12), the SU{2) coupling constant g^, in (8.22) is endowed with a new 
physical meaning as the weak charge, reminiscent of the electric charge e. 
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3) . The weak force parameter k given by (9.9 1 is an SU{2) pseudo-scalar. In 
addition, since the quantities a;° = Wq{0) and 6'° defined by ( |9.7| ) characterize the 
interior properties of weak interaction particles such as the electron e, the neutron 
n and the proton p, the parameter k reflects the interior structure of e,n,p. 

4) . For a particle, e.g. for the neutron n, we conjecture that the condition 



for decay depends on if the interior momentum M defined by (9.11 satisfies the 
following condition 



(9.13) 



M > 



'\v\<ro 

In this case, n decays as 



Otherwise, if 
(9.14) 



n ^ p + e + Ve 



lal<''o 



(;ic)3/2 



the neutron n does not decay. Hence this explains why neutrons can spontaneously 
undergo a /3-decay under proper conditions. 
5). By (9.9), n can be expressed as 



K = 16*1 • \uj\ COS $ siniy9, 

where <I>=the angle between ^ and [Q y. 9), and (f — the angle between uj and 9. 

6). The parameter k may be related with weak decay coupling constants, or 
equivalently with the Cabibbo-Kobayashi-Maskawa angles. Hence k influences de- 
cay types. 



9.3. Weak decay conditions. When a weak process is coupled with some ex- 
ternal fields, energy exchange occurs. In general, gravity is much weaker than 
electromagnetic and strong interactions. Hence, ignoring the gravitational terms, 
the weak interacting field equations coupling external forces can be written as 



(9.15) 



9' 



he 



9w ^abc„ui> 

2hc 

e 

he 



da 



9s<^s ok ^ 

he ^f-^ 4 



where {a^} = {af,--- , a|) is the SU{3) tensor, S"^ (1 < fc < 8) is the gauge 
potential of strong interaction, e is the electric charge whose sign is undetermined, 
and gs is the strong charge. 

As W^" are the weak potential in the interior of a particle, cj) is given by (9.12), 
and 

(9.16) 

Take the gauge 



at r > rQ 



1 

kff 



10 



-16, 



(9.17) 
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and assume that are independent of t. Equations (9.15) are rewritten as 
(9.18) 



9w 



he 



he 



Multiplying both sides of (9.18) hyW^ and integrating the sum in y g M'' with 
\y\ <ro = k~^, by (|9.16[) and Km we deduce that 



(9.19) 



\VW\^dy 



g- 



2hc 

^/hc 



he 4 



where and are as in p?7\ and ( |9j| ), as ( |9.12[ ), and = G M^l jy] < tq}. 
Approximatively, taking the spheric coordinates we have 



(9.20) 



(9.21) 



A 



S = 



p-kor „2 



-s^w;cdy = 'i\n\s^w^, 



where is the area of the unit sphere, and 

A^^A^iO), S^^a';S^M, W,,^Wm)C. 



Let 



(9.22) 



M = [ IVWpdy, 



V ^ 



Ca'' W'' ■ W°-6dv 



e-b-g--W-^Wt^W-,dy, $ = alio- 



H = 



1 



9u 



Then (9.18) is rewritten as 
(9.23) 



9n 



M~V ^g^^ + ^I 
2 he 



he 



A 



1^9 s 9 

he 



S + uglH. 



Therefore, based on the criterion (9.131 and (9.14), we derive from (9.23) that 
for a particle under an external electromagnetic and strong fields A^ and S^^, the 
condition that it can decay is 

I] 



(9.24) 



kg 



he he 



> 0. 



By (9.20)-(9.22), the first part in the right-hand side of (9.24| represents the weak 
field energy generated by the weak charge g^,, and the second part is the energy 
generated by external fields. 
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9.4. Weak interaction potential. By (9.2), the time-components Wq of 

(a — 1, 2, 3) represent the weak charge potentials generated by the weak charge gw 

We now derive an approximate formula for the total potential: 

|2 



where 



(9.25) W^alWS, 

Assuming that are independent of time and taking linear approximation, 
from (5.27) we have 



(9.26) 



9w /-a ( ^0 



9u 



■CT- —W 

4 he 



where r is the lifetime of the Higgs, and 
(9.27) (j)^e 



where (/)o is given by (9.12) and is a constant. Taking a translation 

W 



W 



4g„ 



and by Jg — a'lj6{x), equations (9.26) and (9.27) become 

^2 



(9.28) 
where 
(9.29) 



9u 



;KWcbo, 



9 



w /-an r/- /-a 



2 "^w 



Solutions of (9.28) and (9.29) can be expressed as 

(9.30) W = Wo + Wi + -- - , 
where Wn satisfy 

(9.31) ~V^Wo + klWo=gn,S{x), 



(9.32) 



9w 

he 



3/2 



A 



for n = 1, 2, • • • 



and A = Kk. The solution of (9.31) is 
(9.33) 



When n = 1, (9.32) is given by 
(9.34) 



y^Wi - kfWi = A 



3/2 



9^ ^-(ko + ki)r 



Let Wi be radial symmetric and in the form 

„2 \ 3/2 



(9.35) 



Wi^A 



-{ko+ki)r 



Then ( |9.34[ ) implies that 
(9.36) (p'l + 

where Ki = /jq + ^"i • 



1 



2Ki 



- K, ip[ '-ipi + {Ki - ki)ipi = 
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Let ipi be expanded as 
(9.37) 



ipi ^^Pkr'^lnr + ^qkr''. 

fe=0 fc=0 



Inserting (9.37) into (9.361 and comparing coefficients, we deduce that 

5 



Pq = 1, Pi = g(l + go), 
go and qi are free , 



Then we infer from (9.32) that 



(9.38) Wn = A''{^ 
' he 



3n/2 



9 we 



-K„r 



ipi{r), Kn = kQ + nki 



for n > 1, 



and ipn satisfies 



(9.39) 



2K, 



r r 



The solution of this equation is in the form 

oo oo 

(9.40) <^n= E E 9kr\ 



k—n— 1 



k—n — 1 



where and depend on the free parameters qo and qi . 

Hence by (9.301 and (9.38), the solution W of (9.281 can be expressed as 



k\r 



(9.41) W = g^e-^^ 



^ oo 
7^ ^ ^ 



n=l 



n ( 9_ 

he 



2 \ 3n/2 



-(fco + (n-l)fci)r 



where ipn = —fn and (pn is given by (9.40). 
The function = e-'">''ip with 



iP = Y.A 



OO / 2 \ 3^/2 

he 



n=l 



9 we 



-nkir 



Ipn 



is the solution of 



(9.42) 



1 d 

dr V dr 



2 \ 3/2 



2 \ 3/2 



Now we supply ip with the following initial conditions: 

(9.43) i/;(ri)=ao, ip'{ri)=ai at ri > 0. 

In summary, we have derived the weak potential and weak force formula given 



by 

(9.44) 
(9.45) 



- - e-'^«Xr) 



7 + ^ - (KiV- - V^')e~'="'' 
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where Ki ^ ko + ki, ko ~ mnc/h, ki = mwc/h, mu and mw are the masses of 
the Higgs and or Z bosons, and by (9.43), il'ir) can be approximately written 
as 

1 

fcg 

Thus the weak force becomes 



(9.46) 
Thus t 
(9.47) 



■0(r) = ao + air 



near r 



+ \ -{ao-ai+ air)e 



r 

Based on known physical facts, we have 
(9.48) ao > 0, ai < 0, ao - ai > fc^. 

Hence we have derived the following physical conclusions: 

(1) A particle with weak charge will generate a weak force F exerted on 
another with weak charge g^,, and the force F is given by (9.45) or (9.47). 

(2) By (9.41 and (9.45), there is a radius > such that F is repelling for 
r < ro, and 

_F — 7> c» as r — 7- 0. 



(3) By (9.47) and (9.48), F has an attractive region: < r < ri. 

force F is ol 

F ~ for r > 



(4) The weak interaction force F is of short-range: 

1 

10. Consistency with GWS Electroweak Theory 

The main objective of this section is to study the consistency of the new elec- 
troweak theory based on PID and PRI with the classical GWS electroweak theory. 

10.1. GWS action. For comparison, we first introduce the classical Glashow- 
Weinberg-Salam electroweak theory, which is a U{1) (8) SU{2) gauge theory. We 
adopt here the classical notations. The action is given by 



(10.1) 



^GWS 



[Cg + Cf + CH]dx. 



Here Cg is the gauge part, £i? is the fermionic part, and Ch is the Higgs sector: 



Cc 



(10.2) 



4 t^v^* 



1 



Ch = D^<j)^Di'<j) + X{(f>^ - a2)2 + Ge{l4>e^ + e^(t>^L), 

where Ge and a > are constants, L — (z/e,e^), is the wave function of right- 
hand electron, is the Higgs scalar field, and 



■92 



.31 1 
2 

2 
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Here gi and 52 are coupling constants, e'^*-' (1 < k,i,j < 3) are the structural 
constants of SU{2), (1 < fc < 3) are the Pauli matrices, {W^} is the Yang-Mills 
gauge field corresponding to the k-th generator of SU{2), and {B^} is the gauge 
field with respect to U{\). 

We note that does not represent the electromagnetic potential A^, and the 
Higgs field is a complex doublet given by 

which has charge (1,0). 

The action ( 10. 1[ ) is invariant under the SU{2) gauge transformation 



(10.3) 



91 



^abcnb 



and the U{\) gauge transformation 



(10.4) 



92 



B„ 



B.. 



92 



We notice from (10.21 and (10.3) that Cp contains the following terms: 
(10.5) 



"a in 



These terms are crucial in the weak interaction theory because under a unitary 
transformation 



(10.6) 

these terms become 
(10.7) 





W: 



.{Wl±iWl), 



where a± = \{<7i ± 1(72), and J^^ are the charged currents consistent with the 
classical V-A theory and the intermediate vector boson (IVB) theory, which are 
two successful models at low energies. 

Physically, particles are vector intermediate bosons having mass m\Y , which 
should satisfy the Klein-Gordon equation 
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where o{W^) stands for the higher order terms of , and k — mwc/h. However, 
we find that the variational equations of the action (10.1) have the form 

SLcws 



d'^W^. + o{W) = 0, 



which imphes that in (10.71 would be massless, contradicting with the fact 
that are massive. 



Higgs mechanism provides a resolut ion. We see from (10.2) and (10.3) that 
(j>Q — {0,a)^ is an extremum point of (10.1 1, i.e. for $ = {W, B, L, R,(p), $o = 
(0, 0, 0, 0, (j)o) is a solution of 

^Laws = 0. 

Consider the translation 



(10.8) 



$ = $' + $0, = (W^',B',£',i?',-''' 



Then the variational equations of Lqws for $' are given by (for simplicity, omitting 
the primes) 



(10.9) 



SB^GWS 



M 



o{W,B) = 0, 



where M is the mass matrix induced by $o- It is clear that (10.9) is no longer 
covariant, or equivalently Laws breaks the symmetry for $' for ( 10.3 )-( 10.3 ). But 
the particles described by {W' , B') receive masses due to the symmetry breaking. 

10.2. Weinberg-Sa lam e l ectro vyeak theory. We now recapitulate the WS elec- 
troweak theory. In ( 10.1 )-( 10.3 ), replace (j> = {4)^^(jPY' by = (0,(/5), then the 
system is simplified and still invariant under the transformations (10.3) and (10.4), 
and avoids the difficulty that there exists a charged and massless bosonic field 0"*" 
in the classical GWS model. In this case, the Higgs action in (10.2) becomes 



(10.10) 



4 ^ 



A((^^-a^)^ + Ge^(e^e^ + e«e^) 



Then the Euler-Lagrange equations of the action (10.1) are given by 
}r{Wl^Wl - Wl^Wl) + I + I^^M^^i = 0, 



(10.11) 




(10.12) 




(10.13) 




(10.14) 


d'B,, 


(10.15) 




(10.16) 




(10.17) 





92jL_ 

2 " 



0, 



= 0, 



1 

2' 

+ 4AaV - 4Av3^ - Ge(e^e^ + e^'e^) = 0. 



2,„ ^\,„3 ri tT;LR. I -R„L\ 
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Under the translation (10.8), or equivalently inserting 
(10.18) 



into ( 10.11 1-( 10.16 1 we obtain 



(10.19) 


d^W^ + 


2 ^ 






(10.20) 




2 2 

2 ^ 






(10.21) 


d^wl^ + 


2 2 

2 ^ 






(10.22) 


a'-B.p + 


2 2 

2 ^ 






(10.23) 




= 0, 






(10.24) 




+ aGeC^ 


+ Ge(j)ae" = 0, 




(10.25) 




+ aGeC^ 


+ Ge(/)oe^ = 0, 




where 










(10.26) 




-- d.w; - 







From ( 10.19 1-( 10.22 ) we can find the mass terms 



(10.27) 



M 



and the current terms 
(10.28) 



91 ji 
2 ^' 



/ 2 2 

2 














2 










V 






aW 

2 

2 


2% 

32 a 
2 


91 j2 

2 ^' 


91 j3 

2 ^' 


-92.71! 


2 



In order to generate masses, we have to diagonahze the matrix of (10.271, by a 



rotating transformation for (W^,i3^) as 



(10.29) 



A. 



gi_ 92 

l9l Isl 

92 91 

l9l IffL 



B„ 



where \g\ — {g\ + g^Y^^. On the other hand, the charged currents are given 
by (10.7) which are derived by the transformation (10.6), or equivalently by the 
unitary rotation of (T^^, WT) as 



(10.30) 



w- 



t 

.V2 



V2 



Hence, under the following unitary transformation 



(10.31) 



U 



\BJ 



I 72 72 
1 i 



U ■ 



75 




72 








l9l 







ff2_ 

l9l 



n 92 gi 

" l9l l9l 
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the mass matrix M in (10.27) becomes 
(10.32) UMU^ 




































m| 







I 








0/ 



and the current in (10.28) is as 

51 



(10.33) 



V2^ 



J;, |g|J,^^, ej;-) =UJ, 



V2 



Also, equations ( |10.19[ )-( |l0.22[ ) become 



(10.34) 



9''(5.M^--9,Ty-) + (^)V- 



where $ = {W+ ,W~ ,Z,A,(j)Q). 



em 



0($) 



72 ^ 

NC 



o($), 
o(<i>), 
o($), 



The above field equations ( 10.31 )-( 10.34) lead to the following physical conclu- 
sions as part of the classical electroweak theory: 



1). When the Higgs field Lp possesses a nonzero vacuum state as (10.18), the gauge 
symmetry breaks, and the fields and are recombined to yield a changed 
doublet of massive vector intermediate bosons , a neutral massive vector boson 



Z^, and a massless photon field A^: 



(10.35) 



1 



\9\ 



A~g2W'+giB^ 



sin OwW'i^ + cos OwB^^, 



where Ow is the Weinberg angle defined as 

9]_ _ 91 
\9\ 



cos 



sm Uw 



52 

l5l 



52 



' ' 9l 



2). The masses of and Z are as in (10.32) given by 



(10.36) 



gx sm 



3) . The electric charge in (10.34) is 

(10.37) e = 

4) . Both charged currents and the neutral current J^*^ appearing in (10.34) 
are derived from ( 10.28[ ) and (10.33), given by 

(10.38) J± = \(^3l± iJl), j;!^' = I [cos - sin^ 0^J^ - 2 sin^ 0^ J«] , 
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where J° is as in (10.5), and 



Here Jf,"^ is the electric current. 



rem _ 7-^ 



5). By (10.241 and (10.25) the mass of an electron is given by 

(10.39) TOe=aGe. 



6). Finally, (10.17) is the Higgs field equation, from which we derive the mass 
of the Higgs particle as 

(10.40) rriH 

Two remarks are now in order. 



2aVA. 



Remark 10.1. From (10.39) and (10.40) we see that the electron mass TOe and 
the Higgs particle mass niH can not be determined by the electroweak theory, and 
their values are also helpless for determining the masses of and Z^. By the 
V — A theory, we have 

Gp ^ _gl_ _ J_ 
%/2 8ml, 

where Gp is the Fermi constant. Therefore, 



4a2' 



(10.41) 



1 



Experimentally the value of Oyy is determined by 

^2fl- = 0.2325 ±0.008. 



sm 



Then, from ( |10.36[ ), ( |10.37[ ) and ( |10.41[ ) it follows that 

mw = 80.22 ±0.26 GeV/c^, 
mz = 91.173 ± 0.020 GeV/c^ 



Remark 10.2. It is worth mentioning that the transformation ( 10.31 ) corresponds 
to a mixed transformation of U{1) generator ao — 1 and SU{2) generators aa- 











= U 


(72 






CT3 


\roJ 







Consequently, the GWS electroweak model cannot be decoupled to study individual 
interactions. In other words, the classical electroweak theory violates the principle 
of representation invariance (PRI). 

10.3. Electroweak theory obeying PRI. We have seen that the classical elec- 
troweak theory violates PRI. In the following we develop a much simpler electroweak 
theory based on PID, which not only satisfies the PRI, but also leads to the same 
outcomes as the classical electroweak theory. 

According to the IVB theory of weak interactions, the charged currents and the 
neutral currents are 

■± _ 9l j± -NC _ 9l jNC 



(10.42) 



Jn 



9i_ j± 
V2 



■NC 



91 jr 

COS 9w ^ 
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In particular, we see that the WS theory gives rise to the ratio 

1 



■±/-NC_ ^ „^„n j± / jNC 



which the new theory should retain as well. 
We note that the doublets 

(10.43) '^''=(''0 ^ ' 







are SU{2) symmetric, i.e. they can not be distinguished by themselves. Hence, the 
fermionic action Cp general is taken in the form 



L\~L 



where ai,a2,Q^3 are constants, mg is the electron mass, 





TOe 

are 2nd-order tensors for the transformation 



me 




and 



31, 



By (10.431, Cp can be equivalently written as 



(10.44) Cf 



-aie 



+a2e ' 



If we regard Wj^^ as Z^,B^ as and (72 as e, then the currents derived from 



(10.441 are as follows 



1 



(10.45) 



J. 



^ ^ if^ 

_ cos t/w r ^3 



(dl ± 10-2), 



e'^7^e" ■ 



03/^3 



The currents in ( 10.45 ) will be utterly the same as those from the classical elec- 



troweak theory if the parameters and Pk (1 < fc < 3) are chosen properly. 
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Now, we take the action 
(10.46) 



where Cp is (10.44) and Cg as in (10.31 with — being the electromagnetic 
potential. The the variational equations of ( 10.46 1 with the div^i-free constraint 
are given by 



(10.47) 



(10.48) 



(10.49) 



(10.50) 



.■a,.4(^)'%-*^«'; 



91 



rriHC 

h 



9'"'{Wl,Wl - Wlwl) 



91 



I 



J. 



NC 



COS0W ^ 



where rj — {rii^,rf,Tf) is the SU{2) gauge tensor, 
iJl), Jfl^. J^"' are as in ( |10.45[ ), and 

{£ab) = 

is a 2nd-order SU (2) tensor with 



is a scalar field, 



U4± 




(10.51) 



k = 



mwc 



mzc 



It is clear that the equations ( 10.47 1-( 10.50) are covariant under transformations of 
representations of U{1) x SU{2). Namely, PRI holds true for this model. 

Then by taking the divergence on both sides of ( 10.47 )-( 10.49) and making the 
inner product with rj = (77^, rj^ ^Tf"), we obtain the field equation for (f>: 

(10.52) 9/^9^0+ |77'^a^j; 

+ ^v''e''''9''"d'^{Wt,W:), 

which is the field equation describing the Higgs particle. 

From ( 10.47 )-( 10.49 ) we see that when (f) possesses a nonzero ground state, i.e. 

= 1 + 00, 

then the intermediate vector bosons and Z with masses mw and mz are 
generated. Furthermore we can easily derive all six conclusions l)-6) in the last 
subsection based on the classical electroweak theory. 
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11. Interaction Potentials 

All four forces are described by their corresponding potentials, which obey the 
field equations (4.22|-(4.26|. In [10 and previous sections of this article, we have 
derived force formulas for gravitational fields, strong interaction, and the weak in- 
teraction. These formulas offer unified theories for dark energy and dark matter, 
for quark confinement and asymptotic freedom, for the nuclear forces, for the van 
der Waals force, and for the nature of short-range properties of strong and weak 
interactions. In this section, we synthesize these formulas and their physical impli- 
cations. 

11.1. Charge and Rotation Potentials. Each interaction in nature has its source, 
which we call charge, generating the corresponding force: 

gravitation: mass charge m, 

electromagnetism: electric charge e, 

weak interaction: weak charge g^, 

strong interaction: strong charge gs- 

An interaction force is the negative gradient of the corresponding charge potential 
$: 

(11.1) F — —KV^ with K being the corresponding charge. 

The precise definitions of these charge potentials are given as follows: 

Gravitation. The gravitational field is described by the Riemannian metric 
{g^i,^} of the four-dimensional space-time, representing the gravitational potential. 
In a center mass field, its charge potential is the time-component goo of {g^iu} 

mm- 

(11.2) $G = -|-(l+5oo), 
and the gravitational force is given by 

? 

C TYl 

(11.3) Fg 2"V5oo. 

Electromagnetism. For the electromagnetic potential A^^ = (Aq, Ai, A2, As), 
the time-component Aq represents its charge potential: 

and the space vector A = (^1,712,^3) represents the magnetic potential. Conse- 
quently, we have 

Fe ~ — eV^B the electric charge force, 

(11-4) 1 ^ - 

Fm ~ -e V X curM the Lorentz force acting on e. 
c 



For the current — (Jo, Ji, J2, J3) given by (4.18), Jo is the electric charge density, 
and J = ( Ji, J2, J3) is the electric current density. 

Weak interaction. The weak field is the SU{2) gauge potentials {W^ \ a — 
1, 2, 3}. The total weak potential is defined by 

(11.5) = a-P^;, 
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a gauge representation invariant scalar, i.e. obeying PRI. Here a™ is as defined in 
(4.31 1 representing the distribution vector of weak clrarge. In tfie same spirit as tlie 
electromagnetism, we define 

Wq the weak charge potential, 

(11.6) 

W = (Wi, W2, W3) the weak rotational potential, 
and the corresponding weak force and weak rotational force are given by 

FwE = -gw^Wo, 
(11.7) , ^ 

where e°^'^ are the structural constants of SU{2) with the Pauli representation, J° 
and W"" are the space vectors of and W^, Fwe is the weak force acting on a 
particle with one weak charge g^, and Fwm is the weak rotational force, a similar 
object of magnetic force. We note that both Fwe and Fwm are gauge group 
representation invariant, i.e. they obey PRI. 

For the weak charge current J^, a^J^ represents the weak charge density, and 
d^J"" stands for the weak current density. 

Strong interaction. QCD fields are the S'[/(3) gauge potentials {S*^ | k = 
1, • • • ,8}, representing the eight force carrier gluons. Thanks to PRI again, the 
total potential is 

S'p = a^S*^, al is as in ( |4.31[ ). 
The zeroth component 5*0 represents the strong-charge potential, and the spatial 
component S = (6*1, ^2, 5*3) represent strong-rotational potential: 
5o the strong charge potential, 

(11-8) 

S = {Si, S2, S3) the strong rotational potential. 

and the forces 

FsE = -.g^VS'o, 
(11.9) 11- 

FsM=gsX''''a':Q'xcurlS^, 

represent the strong acting forces generated by the strong charge gs and the strong 
charge current Qjj. It is clear that both Fse and Fsm obey PRI. 

For the strong charge current Q^, a^Q^ represents the strong charge density, 
and a^Q^ stands for the weak current density, where ~ {Qii Q21 Qt)- 



(11.10) Rf.. - -g^..R ^T^. - V^V^(^, 



11.2. Gravitational force. The decoupling gravitational field equations for grav- 
ity from (4.34) are given by [TU] : 

1 „ SttG, 

^g,uR~-—, 

When we consider a spherically symmetric central gravitational field, the metric is 
in a diagonal form: 

ds^ = gaOc^dt'^ + gndr'^ + r'^(d9^ + sin^ dd(p'^), 

with 

goo = -e", gii = e", 322 = r"^, 533 = r"^ sin^ 9, 
u — u(r), V — v{r), (p = fir). 
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It follows from (11.10) that w, v and tp satisfy 



r 



(11.12) 



2 



u + V — 



u 



V + 2^" 



u + u + 



</5 



-(1-e") 



1 



supplemented with the following initial conditions 

(11.13) ■u'(ro)=uo, «(fo) = "0, <^(?'o) = <^o, 



ro >0. 



By (11. 3 1, (11.11) and ( 11.12 ) we obtain the following approximate gravitational 

fco 



force formula 
(11.14) 



Fg = mMG 



1 



kir 



By (11.131 there are three free parameters in Fq. Therefore the two parameters 
fco and fci are free. The parameters fco and fci can be estimated using the Rubin 
rotational curves and the acceleration of the expanding galaxies: 

fco = 4 X IQ-^^km-^, fci = 10""fcm"^ 



We emphasize here that the formula (11.14) is only a simple approximation for 
illustrating some features of both dark matter and dark energy. 

11.3. Coulomb law. The decoupled electromagnetic field equations with duality 
from (4.35) are written as 

(11.15) d'd.A^ = eJ^ 

(11.16) = 0, 



d,. 



and taking divergence on both sides of (11.15), by (11.16) and 



d^Ju = 0, 



we deduce that 
(11.17) 



Consider the static electric state: 

OA, 



dt 



he 



0, 



A^df'cj)^ = 0. 



0. 



dt 



We then infer from ( |11.15| -( |]Xl7| ) and Jo = S{x) that 



A^Aq = eS{x) 



he 



(11.18) 



he 

-A^A^\/(t>^ 
div 1=0. 
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The radial symmetric solution of (11.18) is given by 



(11.19) 



^0 



=0, 



which is the Coulomb potential. Hence the potential derived from the duality 
equations of electromagnetism is entirely the same as that derived from the classical 
Maxwell equations. 



11.4. Strong interaction potential. By (4.171 and (4.181 we deduce that 



In a particle, we have 

he 



dt 



dt 



0. 



With a linear approximation, we derive from (5.35) and (5.36) that 
(11.20) 



- V'So = gsdoSir) 



Who 



kf^CTq 



(11.21) 
where 



mc 

IT' 



sm = 



P 



Sldv = 



P 



Here p is the radius of the related particle, and m ad t are the mass and lifetime 
of 0^ particle. 

Then we derive from (11.20) and (11.21) three levels of strong interaction po- 
tentials: the quark potential Sq, the nucleon potential Sn and the atom/molecule 
potential Sa- 



(11.22) 
(11.23) 
(11.24) 



Sq — I 
— 

Sa=iN 



BJ4 

Po 



'="Xr) 



-kir 



pi 



ip{r) 



3 / X 3 
Pi 

P2 



9s 



P2 



e-'^'^Xr) 



where ^p{r) ~ r/2 is a polynomial, B,Bn are constants, fco — rnc/h, ki = rriT^c/h^ 
m is mass of the strong interaction Higgs particle, m^r is the mass of the Yukawa 
meson, po is the effective quark radius, pi is the radius of a nucleon/hadron, and 
P2 is the radius of an atom/molecule. 

11.5. Weak interaction potential. As the intermediate vector bosons , Z 
and the Higgs boson 0"" are massive, the decoupled weak interaction field equations 
from (4.36) are given by 

(11.25) 



di/Tj/a duj abc ocBjTTb TTrc ja 

W„„ - —e g ^ W^^Wp - g^Ji^ 



2hc 



he 



he 



1 /"mne 
4 V h 
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As in the case for strong interaction, we can derive the field equation for the weak 
interaction potential from (11.25): 

(11.26) 



4 he 



where W — (x'^Wq is as in (11.6), kn = cniH/ti, mn and r are the mass and 
lifetime of the Higgs, 



Take a translation 



(p"' = (5 + (po, /3 is a constant. 



W 



w + 



45« 



Then (11.26) becomes 
(11.27) 
where 



AW + kjW = gn^S{x) 



KW<t>o, 



kl 



/-a 



From (11.25) we also obtain a linearized approximation for (p^. 
(11.28) - V20o + fc|f = -\/^rc'''J°, 

where = rj°- /\ri\'^, and we have supplemented a gauge equation for compensating 
the generation of (p: 

f^a-d^Wl^kl. 

Ss in ( |11.22| )-( [Tl.24p , we derive from ( |11.27[ ) and ( |11.28[ ) the weak interaction po- 
tential: 



(11.29) 
where 



1 



cxj / 2 \ 3n/2 

n— 1 ^ 

GO OO 

V'„(r) = lnr ^ a^r'^ + ^ b^r 



k—n~l k—n—1 
r± 



ki = mwc/h, kn = mnc/h, mw is the mass of W or Z boson, and mn is the 
mass of the Higgs. 



12. Energy Levels of Elementary Particles 

12.1. Energy levels of particles. Let represent the potentials for three in- 
teractions as follows: 

Gfi ~ for electromagnetic interaction, 

= Wfj^ — a^W^ for weak interaction, 

— — alS^ for strong interaction. 
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Let 5* = (^Pi, 5*2, ^3, ^'4)"^ be the wave function describing elementary particles 
such as baryons, leptons and quarks. Then as in gauge theories, the weave function 
^ satisfies the Dirac equations: 



(12.1) 
(12.2) 



9 
dt 
d_ 
dt 



9G0 



9G0 



mc 



^'4 



he (ff • P) 

he {a ■ P) 



$3 

*4 
*2 



where g is the corresponding charge, 



a-P 



[-idi - j-Gi) ai + (^-id2 - J-G2) CT2 + (-z93 - j-Gz) ^3, 



and (Tj are the Pauli matrices. 

If is independent of time, then 5" can be written as 

(12.3) * = e-'(^-""=')*/V(2^)- 

We then infer from \12.1\ and \12.2\ that 



(12.4) {E - gGo - 2mc'^) 

(12.5) (E-gGo) 
Physically we have 



*4 



^2 

= hc{a- P) 



^he{a- P) 



*3 
*4 



^-1 
^2 



E — gGo = kinetic energy + mass. 
Hence we can approximately take 

E ~ gGo = e = the average of kinetic energy 



mass. 



Then ( 12.5 ) becomes 
(12.6) 



*3 
*4 



= he {e-^a ■ P) 



*2 



Inserting (12.6) into (12.4 1 leads to 
(^2 7) e{E-gGo-2me^) 



he 



{a-Pf 



Ignoring the space component G = (Gi, 02,63), we deduce from (12.71 that 

(12.8) -V2$+^Go(x)$ = A$, 

he 

where $ = -01 and A — e{E — 2me^) / [he) represent the energy level of a particle. 

We remark here that equation (12.8) can be equivalently derived from the clas- 
sical Schrodinger equation. For mesons, the corresponding energy equations can be 
derived from the Klein- Gordon equations. 

We now the energy level theory for all elementary particles. 

First if all, when we consider the leptons and quarks, we take (12.8) in the 
following form: 



(12.9) 



he 
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where W — u'^Wq. If we consider hadrons, we use 
(12.10) 



he 



where S = a^S'o ■ 
Assume that 

(12.11) ^^-^ $^ = for r>R, R is the cosmos radius. 

MathematicaUy it is clear that there are finite number of negative eigenvalues of 
(|12.9|) and (|12.10|) with (|12.11|), respectively: 



(12.12) 
(12.13) 
such that 
(12.14) 



oo < a;" < < • 
00 < Af < Af < 



< < 0, 
• < A;^ < 0, 



Afe+1 ^ 0, 



as i? — 7> 00. 



Let and be the corresponding eigenstates of (12.91 and (12.101 respectively. 
Then we obtain the following assertions: 

• Each lepton or quark is represented by an eigenstate $^ of ( 12.9 ) with A™ 
being its binding energy for some I < k < K . 

• Each hadron is represented by an eig enstate $f of ( |l2.10[ ) with Xf being 
its binding energy for some 1 < j < N . 

• The eigenstate $™ of ( 12.9 ) with the lowest energy level A™ represents the 
electron. 

• The eigenstate of (12.9) with the lowest energy level represents the 
proton. 

• A matter particle is regarded as an energy parcel corresponding to an level 
A™ or xf , with |<i>^P or \^f\'^ being its energy density. 

12.2. Particle decays. Based on the energy level theory established above, de- 
cay and colliding reactions can be considered as transitions of energy levels. For 
example, the /3-decay 

n ^ p + e + De 

is a transition of a neutron in higher energy level to a proton in lower energy level 
accompanied by the emission of an electron and anti-neutrino, which take away the 
energy 

Formula ( 11.22 1-( 11.24) and (11.29) provide a direct explanation for particle 
decays. For example, the process that a baryon decays into two hadrons can be 
regarded as two sub-processes as shown in Figures |12.1| and |12.2[ where black dots 
represent quarks. 

Figure 12.1 shows that when externally excited, a pair of quarks in a baryon 
split with each into two quarks, and the resulting five quarks will immediately form 
a new baryon and a meson. Figure 12.2| [b) illustrates that the two new hadrons 
are formed causing the decay. 

By applying the strong interaction force, the decay process can be interpreted 
as follows: 

(1). Quark confinement. By (11.22), the quark binding energy is about 



(12.15) 



lO^^^crn, 
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where (firo) ~ fo/2- The estimated quark radius po — 10' 
addition, by the Yukawa potential, we know that 

5f = lOe^ ~ 2 X 10"" MeV • cm, 

and the constant B is estimated in [51 as 

B ~ 10^2 cm. 



-21 



is very small. In 



Hence it follows from (12.15) that 
(12.16) 



Eg ~ 10^1 GeV, 



which is beyond the Planck level. Consequently an energy level beyond the Planck 
energy 10^^ GeV is required to break free a quark in a baryon. 






Figure 12.1. Externally excited quarks split in pairs, forming 
new hadrons. 




(3 



+ 




Figure 12.2. Two hadrons being push apart after splitting. 



(2) When the quarks in a hadron is split forming two or more hadrons, the strong 
interaction between the two newly formed hadrons follow immediately the strong 



interaction potential (11.23) for nucleons/hadrons. As these two new hadrons are 



too close, the strong nuclear force with potential (11.23) is repelling, causing decay. 



(3) Quark splitting appears to occur in pairs, i.e. evenness or oddness of the 
total number of quarks is invariant in a decay process. 
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13. Stability of Matter 

Based on the theory presented in the previous sections, the structure and stabiUty 
of matter can be understood in four different scales from the largest cosmos to the 
smallest elementary particles as follows: 

Stars, galaxies and cosmos. Gravity plays the most important role for the 
structure and its formation of large scale stars, galaxies and cosmos. It is the new 



gravitational force formula (11.14) established in [lO^ that shows that gravity is 
both attracting (Newton and dark matter) for the scale smaller than 10 million 
light years, and repelling (dark energy) for scale greater than 10 million light years. 
The largest scale repelling of gravity avoids an eventual collapsing of all galaxies. 
The attraction of gravity in a relatively smaller scale enables the formation of stars 
and galaxies. 



The dual field (p in the gravitational field equations (11.10) causes the repelling 
of gravity in the largest scale. It is shown in ;10J that the dual ip vanishes if the 
matter in the universe is uniformly distributed. In summary, it is the interaction 
between the gravitational field {gfiu} and the dual field ip that maintains the large 
scale structure of the universe. 

Atomic and molecular level. Atoms and molecules are held together by 
Coulomb attracting force. The reasons why atoms do not collapse are mainly 
due to 1) the energy levels of electrons preventing electrons from collapsing to the 
nuclear, and 2) the Pauli principle for the stability of bulk matter; see among others 



Nucleons/hadron level. By (11.22), the strong interacting force between two 



quarks is repelling as the distance between them is small avoiding the collapsing 
quarks together, and is attracting holding them together and forming a hadron 



as the distance increases. In the hadron level, by (11.23), the strong acting also 
are repelling when two hadrons are close (less than 10"^'^ cm), again avoiding the 
collapsing of hadrons. When the distance between two hadrons increases (about 
10^ ^■^ — 10^ ^^cm), the strong attracting force takes place binding hadrons together 



forming a nuclear. Then by (11.24), when the distance between two molecules or 
atoms is less than 10~^cm, the strong repelling force induces the van der Waals 
repelling force. 



Lepton and quark level. In this level, the acting force is the weak force ( 11.29 ). 
Again the short distance repelling avoids collapsing, and followed by attracting weak 
force forming a lepton or a quark. 

In summary, all four forces display both attracting and repelling hold mat- 
ter/particle together and avoiding collapsing at the same time. This is the essence 
of the stability of matter in the universe from the smallest elementary particles 
to largest galaxies in the universe. Also, the energy levels for leptons and hadrons 
classifies all leptons and hadrons with electron and proton being the smallest energy 
level elementary particles. 



14. Conclusions 



The main objective of this article is to drive a unified field model coupling four 
interactions, based on the principle of interaction dynamics (PID) and the principle 
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of representation invariance (PID). Intuitively, PID takes the variation of the ac- 
tion functional under energy-momentum conservation constraint. PRI requires that 
physical laws be independent of representations of the gauge groups. One impor- 
tant outcome of this unified field model is a natural duality between the interacting 
fields {g, A, W^, S''), corresponding to graviton, photon, intermediate vector bosons 
and Z and gluons, and the adjoint bosonic fields ("I>^, 0^, 0° , 0^). This dual- 
ity predicts two Higgs particles of similar mass with one due to weak interaction 
and the other due to strong interaction. PID and PRI can be applied directly to 
individual interactions, leading to 1) modified Einstein equations, giving rise to a 
unified theory for dark matter and dark energy, 2) three levels of strong interaction 
potentials for quark, nucleon/hadron, and atom respectively, and 3) a weak inter- 
action potential. These potential/force formulas offer a clear mechanism for both 
quark confinement and asymptotic freedom — a longstanding problem in particle 
physics. Also, we intend to offer our view on such questions as why our universe is 
as it is, by introducing energy levels for leptons and quarks as well as for hadrons, 
and by exploring essential characteristics of the potential/force formulas. 
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